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INTRODUCTION 

This r e p o r t  is a collection of t h e  t a l k s  g iven  a t  t h e  Meeting of t h e  

Resonance Region Subcommittee of CSEWG, h e l d  a t  t h e  Brookhaven Nat iona l  

Laboratory on May 8 ,  1972. Th i s  was a s p e c i a l  one-day meeting organized 

i n  connec t ion  with t h e  CSEWG Meeting, he ld  on t h e  nex t  two days.  The 

purpose of t h t s  meet ing,  and i t s  o b j e c t i v e s  were t h e  fo l lowing .  

A number of  formalisms a r e  be ing  used t o  ana lyse  and r e p r e s e n t  t h e  

r e s o l v e d  resonance d a t a  of n u c l e i .  Amongst t h e s e  a r e  t h e  d i f f e r e n t  m u l t i -  

l e v e l  formalisms i n  a d d i t i o n  t o  t h e  u s u a l  s i n g l e - l e v e l  Breit-WFgner represen-  

t a t i o n .  The need o f  t h e  m u l t i - l e v e l  formalisms t o  g ive  a good r e p r e s e n t a t i o n  

of t h e  exper imenta l  d a t a  i s  w e l l  known. However, i t  i s  no t  a t  a l l  c l e a r  

whether  the a d d i t i o n a l  e f f o r t  involved i n  o b t a i n i n g  such m u l t i - l e v e l  

parameters  and u s i n g  them i n  r e a c t o r  codes i s  necessary  from t h e  viewpoint  

of p r a c t i c a l  r e a c t o r  c a l c u l a t i o n s .  Hence, one of the o b j e c t i v e s  o f  t h e  

meeting was t o  review and emphasise t h e  s a l i e n t  f e a t u r e s  of each of t h e s e  

formalFsms and a r r i v e  a t  some conc lus ions  r e g a r d i n g  t h e i r  u s e f u l n e s s  i n  

r e a c t o r  c a l c u l a t i o n s .  

I n  a d d i t i o n ,  t h e r e  i s  t h e  q u e s t i o n  of ex tending  t h e s e  formalisms t o  

the unreso lved  resonance r e g i o n  and whether t h e  parameters  ob ta ined  i n  the  

r e s o l v e d  resonance r e g i o n  could  r e a d i l y  be used i n  t h e  unresolved r e g i o n .  

T h i s  i s  r e l a t e d  t o  t h e  more g e n e r a l  problem of d a t a  r e p r e s e n t a t i o n  and 

c a l c u l a t i o n s  i n  t h e  unresolved resonance r e g i o n .  It was hoped t h a t  

d i s c u s s i o n s  a t  t h e  Meeting would r e s o l v e  or c l a r i f y  some of t h e s e  d i f f i c u l t i e s  

When a n  o u t l i n e  of t h e  Meeting was drawn up i n  March 1972, the P r o b a b i l i t  

Tab le  Method was one of t h e  newly proposed methods of d a t a  r e p r e s e n t a t i o n  

f o r  t h e  unresolved resonance r e g i o n .  It had been suggested by L .  B .  L e v i t t  



a s  be ing  p a r t i c u l a r l y  s u i t e d  f o r  Monte C a r l o  c a l c u l a t i o n s .  I t s  advantages 

a r e  t h a t  i t  i s  f a s t ,  needing only a modest amount of computer s t o r a g e  

a s  compared t o  t h e  convent iona l  methods us ing  e i t h e r  a l a d d e r  of resonances  

o r  average parameters  in the unresolved resonance r e g i o n .  Though t h e  

method was cons idered  a s  beFng b a s i c a l l y  c o r r e c t ,  t h e r e  were a  few r e s e r v a -  

t i o n s  about  it which could h o p e f u l l y  be s e t t l e d  by f u r t h e r  c a l c u l a t i o n s  of 

s u i t a b l e  t e s t  c a s e s .  Hence, i t  was f e l t  t h a t  e x t e n s i v e  d i s c u s s i o n s  on 

t h i s  new method would s t r e s s  the b a s i c  principles on which it is  based 

and emphasise t h o s e  a r e a s  which needed further c l a r i f i c a t i o n  before  its 

f i n a l  accep tance  a s  a  s u i t a b l e  a l t e r n a t e  format of d a t a  r e p r e s e n t a t i o n  i n  

t h e  unresolved resonance r e g i o n .  

L a s t l y ,  i t  was recognssed t h a t  t h e  t ime had come t o  a s s e s s  t h e  u s e f u l n e s s  

and de te rmine  t h e  r o l e  of  p reprocessed  d a t a  i n  t h e  resonance r e g i o n ,  i t s  

e f f e c t  on t h e  e v a l u a t e d  d a t a  f i l e s ,  r e a c t o r  codes and f u t u r e  a p p l i c a t i o n s .  

The Meeting was a t t e n d e d  by t h i r t y - n i n e  persons  and t h e r e  were e x t e n s i v e  

d i s c u s s i o n s  of t h e  s u b j e c t  m a t t e r  of the invited talks. A t a p e  r e c o r d i n g  

of t h e  t a l k s  and t h e  d i s c u s s i o n s  was made b u t  cou ld  not  be reproduced 

v e r b a t i m  due t o  t h e  c o s t  of l abour  involved.  It was a l s o  f e l t  t h a t  t h e  

d i s c u s s i o n s  and exchange of i d e a s  would be  less i n h i b i t e d  i f  persons were 

no t  h e l d  r e s p o n s i b l e  f o r  t h e  e x a c t  wording of t h e i r  q u e s t i o n s  or comments. 

However, t h e  t a p e  r e c o r d i n g  was used t o  elaborate on some of t h e  t o p i c s  

d i s c u s s e d  d u r i n g  t h e  c o u r s e  of t h e  t a l k  by M. K. Drake summarising t h e  

Meeting. There were a l s o  two e x t e n s i v e  and s i g n i f i c a n t  c o n t r i b u t i o n s  by 

M. S .  Moore and D .  E .  Cul len ,  whose t e x t s  a r e  reproduced along wi th  those  

of t h e  i n v i t e d  t a l k s .  

It h a s  been n e a r l y  a year  s i n c e  t h e  Meeting was held and perhaps one 

should summarise h e r e  what were i t s  r e s u l t s  and t o  what e x t e n t  i t s . o b j e c t i v e s  



were met. The d i f f e r e n t  s i n g l e - l e v e l  and m u l t i - l e v e l  r e a c t i o n  formalisms 

were reviewed and t h e i r  i n t e r r e l a t i o n s h i p s  c l a r i f i e d .  As r e g a r d s  t h e  

e s t i m a t e s  of m u l t i - l e v e l  e f f e c t s  i n  r e a c t o r  c a l c u l a t i o n s ,  d u r i n g  t h e  course  

of d i s c u s s i o n s  it became c l e a r  t h a t  t h e r e  were no such c a l c u l a t i o n s  i n  

publ i shed  l i t e r a t u r e  i n  s p i t e  of t h e  c la ims  of t h e  a u t h o r s .  T h i s  l e d  t o  

a  b e t t e r  unders tand ing  of what form such c a l c u l a t i o n s  should t a k e  and 

M. K. Drake, i n  s u m a r i s i n g  t h e  Meeting, suggested procedures f o r  such 

c a l c u l a t i o n s .  Some o f  t h e s e  d e t a i l s  and s p e c i f i c a t i o n s  were l a t e r  d i s t r i -  

buted amongst t h e  CSEWG Members and t h e i r  c r i t i c i s m  and s u g g e s t i o n s  

s o l i c i t e d .  These c a l c u l a t i o n s  are now being carried out  i n  a few l a b o r a t o r i e  

and it is hoped t h a t  t h e  r e s u l t s  would be  a v a i l a b l e  soon. At t h e  Meeting, 

t h e r e  was a general acceptance of t h e  P r o b a b i l i t y  Table  Method a s  some o f  

t h e  q u e s t i o n s  of d e t a i l  had been answered i n  t h e  meantime. Though t h i s  

method was o r i g i n a l l y  proposed i n  connec t ion  w i t h  t h e  Monte C a r l o  c a l c u l a -  

t i o n s ,  it was po in ted  out  by D .  E .  C u l l e n  that it  could  be extended t o  

d e t e r m i n i s t i c  methods, e . g . ,  mult i -group c a l c u l a t i o n s  of neu t ron  and photon 

t r a n s p o r t  problems u s i n g  e x i s t i n g  codes .  Recent ly ,  he h a s  a l s o  shown how 

t h e  P r o b a b i l i t y  Tables  could be  e a s i l y  c a l c u l a t e d  u s i n g  t h e  parameters  

p r e s e n t l y  g iven  i n  t h e  e v a l u a t e d  d a t a  f i l e s .  Such a procedure would 

o b v i a t e  the need f o r  separate programs for c a l c u l a t i n g  t h e  P r o b a b i l i t y  

Tables  and make t h e i r  e x t e n s i v e  use more a c c e p t a b l e .  The d i s c u s s i o n s  a t  

t h e  Meeting a l s o  reviewed t h e  r o l e  of pre-processed resonance r e g i o n  d a t a  

and some u s e f u l  comments and s u g g e s t i o n s  were made which would b e  h e l p f u l  

i n  planning f u t u r e  r e a c t o r  codes. 

It i s  my p r i v i l e g e  t o  thank  t h e  speakers  and a l l  t h e  p a r t i c i p a n t s  a t  

t h e  Meeting who c o n t r i b u t e d  t o  t h e  f r u i t f u l  d i s c u s s i o n s  and exchange of 



ideas .  My thanks are due t o  M .  K .  Drake f o r  agree ing  t o  the d i f f i c u l t  

t a s k  of summarising t h e  Meeting a t  sho r t  no t i ce  when the  scheduled speaker 

could not  come. Again, I would l i k e  t o  thank him and 3.  P e a r l s t e i n  f o r  

t h e i r  h e l p  i n  drawing up an agenda of t he  Meeting and i t s  organiza t ion ,  and 

Georgia I r v i n g  f o r  a commendable job of re typing  p a r t s  of the manuscript. 

Apr i l  23,  1973 M. R .  Bhat 
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ABSTRACT 

I n  t h i s  paper we d e s c r i b e  v e r y  b r i e f l y  some of t h e  
m u l t i l e v e l  formalisms most f r e q u e n t l y  used t o  
r e p r e s e n t  t h e  low-energy c r o s s  s e c t i o n s  of t h e  f i s s i l e  
n u c l e i .  We a l s o  d i s c u s s  some of t h e  p r o p e r t i e s  and 
a p p l i c a t i o n s  of t h e  resonance parameters .  



I. I n t r o d u c t i o n  

It i s  now w e l l  known t h a t  t h e  neu t ron  c r o s s  s e c t i o n s  o f  f i s s i l e  

n u c l e i  cannot  b e  adequa te ly  r e p r e s e n t e d  by t h e  s i n g l e - l e v e l  B r e i t -  

Wigner formula. Indeed t h e r e  a r e  asymmetries i n  the resonances o f  t h e  

r e a c t i o n  c r o s s  s e c t i o n s  caused by i n t e r f e r e n c e  i n  t h e  f i s s i o n  channe ls .  

Various m u l t i l e v e l  formalisms have been developed which account  

f o r  t h e  observed asymmetries. These formalisms have proven v e r y  

s u c c e s s f u l  fo r '  r e p r e s e n t i n g  t h e  c r o s s  s e c t i o n s  of  t h e  main f i s s i l e  

i s o t o p e s  i n  t h e  reso lved  resonance region.  

The m u l t i l e v e l  formalisms have been e x t e n s i v e l y  d e s c r i b e d  i n  t h e  

l i t e r a t u r e .  I n  t h i s  paper  we w i l l  ve ry  b r i e f l y  d i s c u s s  t h e  formalisms 

which have been most f r e q u e n t l y  used t o  r e p r e s e n t  t h e  c r o s s  s e c t i o n s  of 

t h e  f i s s i l e  i s o t o p e s .  I n  p a r t i c u l a r ,  we w i l l  review how t h e s e  formalisms 

can  a l l  be  der ived  from t h e  Wigner-Eisenbud R-matrix theory .  

We w i l l  a l s o  d e s c r i b e  some of  t h e  p r o p e r t i e s  of t h e  resonance param- 

eters e n t e r i n g  t h e  v a r i o u s  m u l t i l e v e l  formalisms,  and d i s c u s s  some a p p l i -  

c a t i o n s  of  t h e s e  formalisms,  p a r t i c u l a r l y  t o  t h e  i n t e r p r e t a t i o n  of  

measured neu t ron  c r o s s  s e c t i o n s .  

11. Mult i level  Formalisms 

The d i f f e r e n t  formalisms used t o  i n t e r p r e t  t h e  low-energy c r o s s  

s e c t i o n s  of t h e  f i s s i l e  n u c l e i  have been reviewed by ~ 0 o r e . l  The r e l a t i o n s  

of t h e s e  formalisms t o  d i f f e r e n t  n u c l e a r  r e a c t i o n  t h e o r i e s  have been d i s -  

cussed by Adler  and ~ d l e r . ~  Complete reviews of t h e  formal  n u c l e a r  reac-  

t i o n  t h e o r i e s  have been given  by Lane and ~ h o m a s ~  and by Lynn. 4 

Three d i f f e r e n t  m u l t i l e v e l  formalisms have been e x t e n s i v e l y  used t o  

d e s c r i b e  t h e  low-energy neu t ron  cross s e c t i o n s  o f  t h e  f i s s i l e  n u c l e i .  



These formalisms, developed by ~ o g t , ~  Reich and ~ o o r e , ~  and Adler and 

~ d l e r , ~  can be  derived d i r e c t l y  from the  R-matrix theory. 

The expression f o r  t h e  neutron c ross  sec t ion  which proceeds through 

the  outgoing channel c i s  given by: 

J where 3r is the  neutron wave length  divided by 2a and g is t h e  s t a t i s t i c a l  

f a c t o r  f o r  resonances of sp in  J. The c o l l i s i o n  matrix element uJ may be nc 

wr i t t en  as: 8 

J i(4, + 4c) Uric = e '5 
[ ' n c  + iC hAht  ( ~ ~ ~ r ~ ' ~ )  1 9  

A X '  

where 4 and @ a r e  p o t e n t i a l  s c a t t e r i n g  phase s h i f t s ,  rIc i s  the  partial n 

width f o r  the decay of t he  l e v e l  A i n t o  the  channel c and the  Ail, a r e  

elements of the Wigner l e v e l  matr ix .  The i nve r se  l e v e l  matrix is given by 

C 

I n  order  t o  ob ta in  t h e  cross  sec t ions  from t h e  R-matrix parameters E 
Y 

5 
and r Vogt i n v e r t s  t he  inverse  l e v e l  matrix A - ~  d i r e c t l y  considering 

YC' 

only a f i n i t e  number N of l e v e l s .  A smooth "background term" then 

accounts f o r  t h e  cont r ibut ion  of  the  neglected d i s t a n t  l e v e l s .  

The technique developed by Adler and ~ d l e r ~  cons i s t s  of diagonal- 

i z ing  the  inverse  l e v e l  matrix by an orthogonal transformation:  



The c o l l i s i o n  matrix i s  obtained by combining Eqs . (2) and ( 4 )  : 

and 

In terms of the  new complex parameters dv and rvc3 the Adler and 

Adler cross-section formulae given i n  Table I can e a s i l y  be derived.  

These expressione a r e  p a r t i c u l a r l y  w e l l  s u i t e d  for r eac to r  ca l cu la t ions  

and " leas  t-squaree f i t t i n g "  of experimental data.  

When the  number of l e v e l s ,  N,  i s  l a rge ,  and the number o f  f i s s i o n  

channels, n f ,  is known and small ,  the formallsrn of Reich and PIoore6 i s  very 

convenient. Reich and Moore exp lo i t  the f a c t  t h a t  the sun C ( T ~ ~ T ~ ~ ~ ) %  
C 

over the many r a d i a t i o n  channels can be assumed t o  be diagonal  t o  ob ta in  an 

expression for  the  c o l l i s i o n  matrix not i n  terms of the  NxN level matr ix  A 

b u t  i n  terms of a much smaller (n + 1) x (n + 1) channel matrix ( I - K ) :  
f f 

and 



The Reich-~oore formulas for the neutron cross sections are obtained 

by combining Eqs . (11, (71, and (8) and are listed in Table 2. 
It is interesting to note9'10 here that the Adler-Adler formalism 

can also be derived by directly expanding the Reich-Moore cross sections 

into partial fractions, as is shown in Table 3. 

Another representation of the cross sections of fissile nuclei has 

been much used in reactor calculations. This representation could be 

called "pseudo Breit-Wigner" and consists essentially of describing the 

symmetric part of the resonances with the Breit-Wigner single level formula. 

The "interference part," however, is not parametrized but described on a 

point-by-point basis and denoted as a "smooth background". 11,12,51 Tnis 

pseudo Breit-Wigner representation can, of course, be derived from R-matrix 

theory, in fact it can be obtained directly from the Adler-Adler formalism 

by a trivial change of notation. 

In Table 3 we illustrate the relation between various expressions for 

the fission cross section. The first equation in the table is the Retch- 

Moore expression for one fission channel, This expression can be rationalized 

as the ratio of two polynomials in E, by multiplying the numerator and denom- 

inator by the "rationalizing polynomial" indicated. The ratio of two poly- 

nomials can then be expanded in ~artial fractions with complex roots dk. This 

expansion immediately yields the Adler-Adler expression which can be separated 

into symmetric and antisymmetric parts. A change of notation then yields the 

pseudo Breit-Wigner representation. 

The parameters entering this representation [Eq. (111~) of Table 31 

have been denoted by primes to distinguish them from the resonance ener- 

gies and partial widths entering into the R-matrix formularion [ ~ q .  (111~)~ 

for instance], ~t is very important to realize that the parameters entering 



the  pseudo Breit-Wigner representa t ion  a r e  not  the  usual  R-matrix parameters. 

In p a r t i c u l a r  t h e  p a r t i a l  widths and spacings of t he  pseudo Breit-Wigner 

representa t ion  do not  follow the  ~orter-Thomas'13 and Wipner14 d i s t r ibu -  

tion laws, 

111. Energy Dependence of t h e  Mul t i level  Parameters 

The R-matrix foma l i sm of Wigner and Eisenbud is  derived by assuming 

r e a l ,  energy independent boundary condit ions a t  the  su r face  of t he  nucleus. 

Hence, t he  R-matrix resonance energies  and reduced widths a r e  energy 

independent. On t h e  o the r  hand, t h e  Adler-Adler parameters and t h e  

parameters en te r ing  the  Pseudo Breit-Wigner representa t ion  a r e  somewhat 

energy dependent, f o r  t h e  transformation S [of Eg. ( 4 ) ]  which diagonalizes 

t h e  l e v e l  matrix,  i a  a function of t h e  neutron widths which a r e  propor t ional  

t o  the neutron momentum. This energy dependence, however is  neg l ig ib l e  

so  long as  the  neutron width rn = r i  & is  very small  compared t o  the  t o t a l  

width, I' = rf + r + r This i s  t h e  case  f o r  the  main f i s s i l e  n u c l e i  up 
Y n' 

t o  10 key, at l e a s t ,  For in s t ance  f o r  2 3 5 ~ ,  ( Ti ) = 0 -13 d, ( Tf + r ) = 
Y 

180 mV, s o  t h a t  a r  10 keV ( r n  ) =  13 mV << ( r  ) =  190 mv. 

IV. Wonuniqueness of Mul t i level  Parameters 

It i s  w e l l  known t h a t  multiLeve1 f i t s  t o  measured cross  sec t ions  a r e  

n o t  unique. Dif ferent  s e t s  of parameters may deacribe t h e  e x i s t i n g  d a t a  

equal ly  well .  This l ack  of uniqueness i s  due i n  p a r t  t o  t he  unce r t a in t i e s  i n  

the  measured c ross  sec t ions :  P rec i se  s c a t t e r i n g  and capture measurements 

i n  t h e  f i s s i l e  n u c l e i  a r e  exceedingly d i f f i c u l t .  Often the re  is very 

l i t t l e  information on the  sp in  of t h e  resonances 80 t h a t  assumptions must 

b e  made as  t o  which resonances i n t e r f e r e  wi th  each o ther .  F inal ly ,  



due t o  the n a t u r a l  width of t he  resonance and due t o  Doppler and i n s t r u -  

mental broadening some l e v e l s  a r e  usual ly  missed i n  t h e  ana lys i s  because 

they a r e  concealed i n  t h e  wings of o ther  l e v e l s ,  15,16 

More fundamentally, ~ u c h a m p a u ~ h ~ '  has r ecen t ly  shown by a computer 

study, and Adler and ~ d l e r ' ~  have demonstrated mathematically t h a t ,  i n  

some cases,  a t  l e a s t ,  d i f f e r e n t  s e t s  of p a r t i a l  f i s s i o n  widths w i l l  y i e l d  

the  same s e t  of f i s s i o n ,  capture ,  and s c a t t e r i n g  c ros s  sec t ions .  Hence, 

even i f  t he  cross  sec t ions  were known exact ly ,  and f o r  each s p i n  s t a t e ,  

some R-matrix parameters may not  b e  determined uniquely. O f  course, a s  

pointed out  by ~ o o r e , ' ~  t h e  R-matrix parameters could s t i l l  be  determined 

uniquely i f  add i t iona l  d a t a  were ava i l ab le ,  such a s  t h e  p a r t i a l  f i s s i o n  

cross  sec t ion  fo r  each f i s s i o n  channel. One consequence of t he  non- 

uniqueness of mul t i l eve l  parameters is t h a t  no meaningful uncer ta in ty  can 

be assigned t o  a given parameter. Hence, i t  would not  i n  general  b e  

co r rec t  t o  average parameters from d i f f e r e n t  sources f o r  t h e  same reso- 

nance. Because the mul t i l eve l  parameters a r e  no t  unique, t h e i r  i n t e r -  

p re t a t ion  i n  terms of nuclear physics is  sub jec t  t o  question;  i n  some 

cases,  f o r  ins tance ,  it: would be erroneous t o  conclude from t h e  apparent 

i n t e r f e rence  of two l e v e l s  t h a t  those l e v e l s  belong t o  the  same sp in  

s t a t e .  On the  o ther  hand, t h e  mul t i l eve l  parameters y i e l d  p rec i se  cross  

sec t ions ,  hence they a r e  very use fu l  a s  a mathematical t o o l  f o r  da t a  

reduction o r  f o r  r eac to r  computations. As long a s  the  parameters a r e  

used only a s  a t o o l  t o  compute se l f sh i e ld ing ,  t h e i r  nonuniqueness i s  not  

too important. 



V. Applications of the Multilevel Formalisms 

It is perhaps appropriate to discuss here some of the applications 

of resonance analysis, particularly in interpreting neutron cross-section 

measurements. 

Not only does the resonance analysis of nuclear data provide information 

on the statistical distribution of resonance parameters which is of interest 

to nuclear physics, but it is also an indispensable tool to correct meas- 

ured cross sections for a number of instrumental effects such as resolution 

broadening, selfshielding and multiple scattering effects, contamination 

of the data by resonances due to isotopes or chemical impurities, etc. 

In the resolved resonance region, the multilevel formalisms permit a 

concise and precise analytical representation of the cross sections, which 

results in an appreciable economy o f  information storage24 and allows easy 

comparison o f  data taken with different resolution or at different: tempera- 

ture~.'~ As an illustration, in Fig. 1 we show the low-energy capture 

and fission cross sections of 2 3 5 ~  and a multilevel fit to these data. 10,27 

There are more than 8,000 data points in the figure, whereas the solid 

line is described by only 300 parameters. The multilevel representation 

is fully consistent with the data, in the sense that the difference between 

the data and the computed curve is always small compared to the uncer- 

tainties in the data. 

In the unresolved resonance region, measured cross sections cannot 

usually be corrected reliably for the instrumental resolution broadening. 

For the selfshielding and multiple scattering corrections to the data, as 

well as for using the cross sections in reactor calculations, it is 



necessary t o  r e l y  on a resonance reac t ion  theory. This is  i l l u s t r a t e d  

i n  Fig. 2 .  The upper curve In  the  f igu re  represents  the  assumed behavior 

of t h e  unbroadened 2 3 5 ~  f i s s i o n  cross  sectiun between 2,000 and 2,060 ev. 

The t rue  shape of t h a t  c ross  sec t ion  is ,  of course, no t  known, but  i t  

might look s imi l a r  t o  the  upper curve o f  Fig.  2. (This curve was ob- 

tained by assuming, i n  t h a t  energy region, t he  same spacing and reduced 

widths t h a t  a r e  found between 0 and 60 eV. This is no t  unreasonable 

s ince  p-wave cont r ibut ions  t o  the  f i s s i o n  cross  sec t ion  a r e  s t i l l  very 

small  a t  2 keV and s ince  the S-wave average spacings and reduced widths 

a r e  not  expected t o  change much over the  small  change i n  e x c i t a t i o n  

energy.) The second curve i n  Fig.  2 was obtained by Doppler broadening 

the  upper curve, f o r  a temperature of 300°K. This Doppler broadened 

cross  sec t ion  is the  c ros s  s e c t i o n  which should be used i n  computing 

se l f sh i e ld ing  o r  mul t ip le  s c a t t e r i n g  correc t ions  t o  a measurement done 

a t  room temperature, o r  t o  compute a r eac to r  opera t ing  a t  t h a t  tempera- 

t u re .  The lowest curve on F ig .  2 was obtained by Doppler and r e so lu t ion  

broadening the  upper curve. The r e so lu t ion  corresponds t o  t h a t  of a 

cypica l  time-of-flight spectrometer. ( I t  is the re so lu t ion  corresponding 

t o  the  OWL-RPI measurementz7 on which t h e  cross sec t ions  f o r  2 3 5 ~  i n  t he  

ENDF/B 111 file1' are p a r t l y  based.) T h i s  lowest curve i n  Fig.  2 is  t h e  

cross  sec t ion  t h a t  would be measured experimentally i f  t he  upper curve 

were the  t rue  unbroadened cross  sec t ion .  It is  c l e a r  from the f i g u r e  

t h a t  a t  some energy the  Doppler broadened cross  sec t ion ,  which i s  the  

cross  sec t ion  required,  cannot be obtained r e l i a b l y  from the  measured 

cross  sec t ion .  A s  the  resolu t ion  of t ime-of-fl ight  spectrometers i s  

improved, the  measured c ross  sec t ion  approaches t h e  ~ o ~ ~ l e r - b r o a d e n e d  



cross  sec t ion ,  but  s i n c e  the  ins t rumenta l  broadening is  propor t ional  

t o  e3/* whereas the  Doppler broadening is propor t ional  t o  E ~ / ~ ,  t h e r e  

w i l l  usual ly  be some energy where the ins t rumenta l  broadening dominates 

t h e  Doppler broadening. 

The s t a t i s t i c a l  f ea tu re s  of t h e  Doppler broadened c ross  s e c t i o n  

may be  obtained by generating a mock-up cross  sec t ion  by s e l e c t i n g  

parameters from t h e  appropr ia te  d i s t r i b u t i o n s .  This mock-up c ross  

sec t ion  can then b e  r e so lu t ion  broadened t o  v e r i f y  t h a t  i t  displays  

the  same q u a l i t a t i v e  f ea tu res  and has t h e  same average values a s  t h e  

measured cross  sec t ion .26 It is  for such s t a t i s t i c a l  study i n  t he  

unresolved region t h a t  the  mul t i l eve l  formalisms and the  s t a t i s t i c a l  

d i s t r i b u t i o n s  of t h e  parameters a r e  m s t n e e d e d .  

V I .  Comparison of Mul t i level  Formalisms 

There a r e  now computer codes ava i l ab le  t o  " l e a s t  squares f i t "  

measured cross  sec t ions  t o  both the A d l e r - ~ d l e r  and the Reich-Moore 

28-31 mul t i l eve l  formalisms, , as well a s  soph i s t i ca t ed  automated cross  

sec t ion  ana lys i s  programs which use l i v e  visual d i sp lay .  32,33 The 

question a r i s e s  a s  t o  which of the  formalisms i s  most des i r ab le  t o  

represent  the  cross  sec t ions  i n  rhe  resolved and unresolved region. 

The Vogt and Reich-Moore formalisms a r e  e s s e n t i a l l y  equivalent ,  s ince  

they a r e  based on t h e  same parametric representa t ion .  These two 

formalisms differ mostly i n  the technique used t o  i n v e r t  t he  channel 

matrix.  The Vogt formalism i a  t o  be prefer red  when many channels and 

few levels must be considered simultaneously, whereas the  Reich-Moose 

formalism i s  more convenient when many l e v e l s  and few channels must 



be considered, a s  is  genera l ly  t h e  case fo r  t he  low-energy crose  sec t ions  

of the f i s s i l e  i so topes .  

The R-matt ix formalisms and t h e  Adler-Adler formalism are complementary 

i n  tha t  the s t a t i s t i c a l  p rope r t i e s  of the R-matrix parameters a r e  rmch 

b e t t e r  known,13 but  t he  Adler-Adler formulation i s  b e s t  s u i t e d  f o r  a 

va r i e ty  of appl ica t ions .  34 For t h i s  reason var ious  techniques have been 

developed t o  transform a s e t  of K-matrix parameters i n t o  an equivalent  s e t  

of Adler-Adler parameters, using t h e  mathematical connection between the  

R-matrix and Adler-Adler c ros s  sec t ion  formalisms. 9 , 3 5 3 7  

Hence, it is poss ib le  t o  rank the  mul t i l eve l  formalisms i n  t h e  sense 

t h a t  i t  is  r e l a t i v e l y  easy t o  ob ta in  equivalent  Adler-Adler parameters 

from a given s e t  of R-matrix parameters. The inve r se  process,  of con- 

ve r t ing  Adler-Mler parameters i n t o  equivalent  R-matrix parameters, i s  

very d i f f i c u l t  and impract ica l  except i n  some very s p e c i a l  cases.  3 8 

Similar ly  the  conversion of the  Adler-Adler representa t ion  i n t o  an equi- 

va l en t  "pseudo  rei it-Wigner1' representa t ion  i s  a t r i v i a l  opera t ion ,  

whereas t h e  Adler-Adler parameters cannot be obtained from a "pseudo 

Breit-Wignerl' representa t ion  except by f i t t i n g  the  smooth background 

with the  appropr ia te  parametric representa t ion .  

For 239Pu a meaningful R-matrix analys is  can be done, because the  

low-energy cross  sec t ions  of t h i s  nucleus are r e l a t i v e l y  simple and 

because the  sp in  of many resonances has been determined. For such a 

nucleus, an R-matrix simultaneous ana lys i s  of s eve ra l  p a r t i a l  c ross  

sections3' will y i e l d  va luable  nuclear  physics in£ o nnation and the 



R-matrix parameters can always be transformed i n t o  equivalent  Adler-Adler 

parameters. For 2 3 3 ~ ,  an t h e  o the r  hand, no meanbgful  R-trix ana lys i s  

can be performed a t  t he  present  time: The resonance s t r u c t u r e  at: low 

energy is  very complicated, due t o  the l a r g e r  value of F/D, and none of 

the resonance sp ins  have been determined r e l i a b l y . l 9  For such a nucleus,  

an Adler-Adler type  ana lys i s  is  probably t o  be  preferred2o s ince  i t  w i l l  

y i e l d  a p r e c i s e  desc r ip t ion  of t h e  c ros s  sec t ion  and i t  does not  r equ i r e  

an a p r i o r i  dec is ion  a s  t o  which resonances belong t o  the  same spin  s t a t e  

and hence i n t e r f e r e .  The nucleus 2 3 5 ~  f a l l s  between these  two extreme 

cases.  26 

V I I .  Some Limi ta t ions  i n  Extrapola t ing  Cross Sections i n t o  t h e  
Unresolved Resonance Region 

One of t h e  most important  app l i ca t ion  of t he  mul t i l eve l  formalisms 

is t h e  generation of mock-up c ross  sec t ions  i n  t h e  unresolved region,  

i n  order t o  compute s e l f s h i e l d i n g  e f f e c t s ,  such a s  the  Doppler c o e f f i c i e n t ,  

i n  t h a t  region where t h e  measured c ross  sec t ion  does not  f u l l y  r e f l e c t  

the s t r u c t u r e  of the  Doppler broadened c ross  sec t ion .  Such app l i ca t ions  

r equ i r e  a knowledge of t h e  s t a t i s t i c a l  d i s t r i b u t i o n  of t h e  resonance 

parameters and of t he  resonance spacings,  and a knowledge of t h e  var ia-  

t i on  with energy of the  average values of the  parameters. 

The s t a t i s t i c a l  p rope r t i e s  of the  R-matrix parameters and l e v e l  spacings 

have been inves t iga t ed  extens ively  by Por t e r  and ~ h o m a s ' ~  and by Wigner. 14 

The s t a t l a t i c a l  prope r t i e s  of t h e  S-matrix parantetere have been inves t iga t ed  

ana ly t i ca l ly  and numerically by us ing  the  connection between t h e  R-matrix 

and the  S-matrix parameters. 39-43 



I n  the  neutron S-wave region,  up t o  a few keV, i t  i s  usual ly  

assumed t h a t  the  average capture width and reduced neutron width remain 

constant ,  and t h a t  the average f i s s i o n  width follows a Hill-Wheeler 

penetratian law, 4 4  

where Ef i s  some threshold energy and %w some c h a r a c t e r i s t i c  width. 

Recently ~ y n n ~ ~  has ca l l ed  a t t e n t i o n  t o  the  poss ib l e  inf luence  of 

t he  (n, yf) process i n  which an exci ted  nucleus emits  a gamma ray before 

undergoing f i s s i o n .  I f  t h i s  process i s  important i t  w i l l  d i s t o r t  t h e  

apparent d i s t r i b u t i o n  of f i s s i o n  width, and more small widths w i l l  be  

observed than a r e  expected from t h e  Porter-Thomas d i s t r i b u t i o n .  Such a 

d i s t o r t i o n  of t he  f i s s i o n  width d i s t r i b u t i o n  has usual ly  not  been ob- 

served experimentally. However, t he re  a r e  l a r g e  unce r t a in t i e s  i n  t h e  

observed f i s s i o n  width d i s t r i b u t i o n s ,  p a r t i c u l a r l y  toward the  small 

width end, due t o  "missed l eve l s , "  t o  ambiguities i n  t h e  resonance 

analys is  of t h e  f i s s i l e  nuc le i  and t o  t h e  small s t a t i s t i c a l  sampling 

of t h e  d i s t r i b u t i o n s .  The e f f e c t  of t he  (n, y f )  process on t h e  ca lcula-  

t i o n  of average cross  sec t ions  has been inves t iga ted  by ~ t a v i n s k y  and 

shaker ,44 ~ a r r i s o n , ~ ~  and Lynn. 
45 

The intermediate s t r u c t u r e  r ecen t ly  observed48 i n  t h e  f i s s i o n  cross 

sec t ion  of various i so topes  implies t h a t  the simple Hill-Wheeler 

fomula i s  not appl icable  i n  the  v i c i n i t y  of a f i s s i o n  threshold.  In  



many cases the average fission cross section shows a considerable amount 

of intermediate structure that can be understood on the basis of the 

double-humped fission barrier recently introduced by ~trutinsk~.~' The 

incorporation of this intermediate structure in the calculation of 

average cross sections has been investigated, particularly by Kikuchi. 
50 

VIII. Conclusions 

Adequate multilevel formalisms have been developed to describe the 

low-energy cross sections of the fissile nuclei. In the resolved resonance 

region, the cross sections can be parametrized with great precision by 

any of those formalisms. The generation of mock-up cross sections in the 

unresolved resonance region requires a knowledge of the statistical 

distrfbutions and of the average values of the parameters. The statistical 

distribution of the R-matrix parameters can be derived from general con- 

siderations concerning the nuclear Hamiltonian. The statistical properties 

of the generalized Kapur-Peierls parameters can be investigated numerically 

and sometimes analytically, using the mathematical connection between the 

R-matrix and Kapur-Peierls formalisms. 

Many problems remain to be solved, such a.s, for instance, the incor- 

poration of processes like the (n, yf) reaction or the subthreshold 

fission through a double-humped potential, into the mechanism to compute 

cross sections in the unresolved region. Some information on these pro- 

cesses will probably come from more extensive investigations of the pro- 

perties of the parameters obtained by fitting data in the resolved region. 
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Table I 

A d l e r  and A d l e r  Formulae for the Neutron Cross Sections 

T H = BX cos (2ka) - ah sin (2ka) 
X 

C = 6 .52  . l o 5  b.eV. 

a nT, a nA, unF, anS and a are respectively the total, absorption, fission, 
ny 

scattering and capture cross sections, k is the neutron momentum and a 

the nuclear radius. The other symbols are defined in the texts. 

The smooth "background" which accounts for  the neglected "far-away" levels 

has been omitted from I , I and I for simplicity. 
1 2  3 



Table I1 

Reich and Moore Formulae for the Neutron Cross Sections 

2ika 
(11~) GJ = 2nA2 g[l - cos (2ka)l + 4aA2 g Re(e pnn) 

nT 

The symbols are defined i n  Table I and i n  the t e x t .  

The scattering and capture cross sections can b e  obtained by ( I  ). 
4 

The cross sections and parameters refer to  one spin value. 

The sum i n  (11 ) extends over the f i s s ion  channels only. 
3 

A constant term representing the contribution of the neglected "far-away" 

levels has been omitted for simplicity.  
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NEW HOPE AMG IVHY BOTHER - 

'i'ha purpose of t h i s  very b r i e f  discussion i s  co po in t  out  t h e  

impor twce of new data on sp ins  and fission-channel quantum numbers 

f o r  resolved resonances of f i s s i l e  t a r g e t s .  Such da ta  w i l l  he lp  t o  

resolve  problems of  nonunique mul t i l eve l  desc r ip t ions .  m e r e  i s  a l s o  

some ev-idznce t h a t  ibz data :nay b= of i : r .pn-r ta~?re f a r  rF.c-ior Zzslg3.  

The v a r i a t i o n  of K ,  t h e  p ro jec t ion  of t h e  t o t a l  angular momentum 

on the nuclear  synmetry a x i s ,  can be determined by measuring the aniso- 

t ropy of Eragments emitted i n  t h e  f i s s i o n  or" al igned t a rge t  nucle i  by 

slow nei.itrons. Measui-ements of t h i s  type,  i n  which t h e  t a r g e t  nuc le i  

aTe a l igned  by quadrapole coupling a t  ?r~w temperatures, have bees c a r r i e d  

+ Y  a 
out fo r  a nmber of  yea-rs by J. W. T. Dabhs and as soc ia t e s  a t  IIRNL. kios: 

recently, s!gnif'icant new r e s u l t s  have beer, obtained by Pattenden and 

~o;tm$a: H3m-ell. A somewhat d i f f e r e n t  exper.in:ent i s  planned by Keyworth 

er  ~ 1 . ~  (LkSL), i n  cul labora t ion with ~abb: on t h e  ORELA. In t h i s  masure- 

n~erl t ,  t h e  ttli-get x i c l e i  w i l l  be polar ized ,  ro per~1i.t the  J e t e m i n a t i o n  of 

.T: sir.ce t h z  po la r i za t ion  a l s o  produc:es a l i  g n ~ e n i - ,  t;leasir-rt.rct.nt csf t!i.;i : + ~ i  3'1- 

t ropy  wi!i allow them t o  determine K a t  t h e  zanlz time. 

7'he r e s u l t s  of this experiment w i l l  not  remove t h e  nonuniqueness of 

c n ~ l t i l e v e l  desc r ip t ions  completely (because t h e r e  a r e  more than two f i s s i o n  

char,nels i n  each sp in  s t a t e ) ,  but  they w i l l  c e r t a i n l y  he1.p. Irk p r i n c i p l e ,  

i f  one coulr! neasure t h e  A and kg  t ~ m s  i n  t h e  Legendre expansion desc r i s -  
4 i 

l 

ing t h e  frrrsnent angular d i s t r i b u t i o n ,  t h e  uniquz s e t  of  mul t i l eve l  parameters 1 



could be obtained. However, t h i s  w i l l  not be done i n  the  Ke)viortll 

experiment. 

Let us assume t h a t  J and K w i l l  be know i n  the near future. The 

next question t o  be asked i s ,  "Why does one want to bother with a multi level 

description?" The most important reason hinges on the  var ia t ion  of from 

resonance t o  resonatrce, depending on J and K ,  and t h e  concomitant va r ia t ion  

of t h e  f ission width. This leads t o  an apparent effective if dependence of 

se l f - sh ie ld ing  and t.;ni;~erature. These are  ef:ects which have not ya't been 

included i n  s e n s i t i v i t y  calculat ions  a s  f a r  a s  I know, but they could be 

important--especially f o r  2 3 9 ~ u .  

The s i t u a t i o n  is perhaps best  summarized by consideri2g The lowest 

235" energy resonance, a t  0.28 eV, i n  . Figure 1 shows some old data which 

Lowel l  Miller and ~ ~ r c ~ o r t e d  a t  the Salzburg conference. Plotted ( i n  

a r b i t r a r y  uni ts)  is t h e  var ia t ion  of t h e  r e l a t i v e  y ie ld  of thf: h ighest  eneri 

heavy binary fragments. The so l id  l i n e  i s  the  multi level f i t  t o  these da ta  

using t h e  parameters reported by vogt7, am3 simply ro ta t ing  the fi .ssion 

vectors i n  channel space u n t i l  one gets t h e  bes t  f i t .  

a 
Figure  2 shows the  A values determined by Pattenden and Postma. The 2 

z o l i 2  l in?  i s  t h e  z:i.ia F i t  (to the  data of F ig .  1). 'Ill; siq,?yst i:jtcr-. 

pretation is tha t  there  are twa channels e f f r i t ive ,  having K=a and K=2, 

with 110 contributions from 5-1 or 3 .  

Next, we want t o  ask about V. Figure 3 shows the  results of a ra ther  

crude experiment which Loweil H i l l e r  and I did i n  1965. The four data poini 

rrs obtained seem t o  silow a I( dependence over this resonarlce; the s o l i d  l i n s  

is a bes t  fit t o  these data, and represents a guess as t o  what the  v a r i a t i a  

of V might be. Final ly ,  a f t e r  going through this exercise, I went back t o  

8 9 .  
Sirnon Weinstsin's thes i s  'arid p lo t t ed  h i s  data (slightly renona l ized)  ; agai  



the re  seems t o  be consistency with t he  same curve, a s  shown i n  Fig. 4. 

Unfortunately, there was no reported value f o r  3between 0.28 and 1.1 eV; 

t h i s  would have perhaps been the d e f i n i t i v e  t e s t .  

F ina l ly ,  t o  complete t h e  p ic tu re ,  Fig. 5 shows the  cor re la t ion  between 

t h e  Pattenden-Postma A2 and the t o t a l  width of t h e  resonance. The corre- 

lation does ex is t ,  and indicates (somewhat surprisingly) t h a t  the w i d e s t  

resonances are associated with higher K values.  

My own conclusions from t h i s  study are summarized as fo l lows :  

(1) J and K are associated wi th  physical observables, 

i n  par t i cu la r  the  f r a ~ e n t  mass and kinetic-energy 

d i s t r ibu t ions ,  t h e  f i s s i o n  widths, and F. 

( 2 )  I believe that these  r e s u l t s  tend t o  corroborate the  Weirstein 

measurements of 5. The r e a s m  there  i s  no clear c.orrelation 

of Weinstein's V w i t h  K is t h a t  the re  is  a l so  a strong J de- 

pendence as well ,  and the spins are not  y e t  known. This ilnplies 

t h a t  the Weinstein 2 3 9 ~ ~  r e s u l t s  are a l s o  correct .  

(3) I t  is  important t o  be able t o  account f ~ r  such effects, both i n  

the  resolved and i n  t h e  unresolved region. A mult i lcvel  descrip- 

t ion  appears t o  be  ~equired. 
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The *a-nt of the resonance absorption in the unresolved enerRy 

region is generally based on concepts d i ~ c t l y  related t o  the statistical 

theoxy of nuclear reactiors. In reactm applications, one of the mst 
difficult problems is t o  estirrate the resonance self-shielding e f f e e  and 

&e related Doppler effect on a s t a t i s t i ca l  basis. The resonance self- 

shielding effect is characterized by the correlation between the reaction 

cross section and the neutmn flux i n  energy and space. The neutron f lux 

i s  generally related t o  the cross sections in an extremely cmplicated 

way -through the integral -transport equation. The problem i s  fwther  m m -  

plicated by the fact tha t  the temperature-dependence of the cross sections 

must be considered. Because of the important role that  the Doppler effect 

plays i n  large fast reactors, the= have been a great number of studies 

concerning th is  subject. N v n e r i c a l  mthcds and codes that  treat the pmb- 

lem t o  various degrees of sophistication have recently b e m  available. 

Hawever, unlike the problem of treating the resolved resonances, the cal- 

culated results in the unresolved region are usually subject t o  signifi-  

cant s t a t i s t i ca l  uncertainties which are diff icult  t o  e s t k t e .  The 

interpretation of the calculated results ,  the efficient  use of various 

methods, and application of newly developed s t a t i s t i ca l  methods and 

nuclear theory are still active f ie lds  of research. 

The primary purpose of this paper is t o  improve understanding of the 

fundirmentdl aspects of problems concerning the s t a t i s t i ca l  trea-tment of 

the resmance absorption in the reactor applications. Section 11 des- 

cribes scene general problems that one encounters in estimating the reso- 

nance self-shielding effect . In Section 111, various calculational 

mthods and thei r  theoretical justifications are discussed. Particular 

attention is devoted t o  the discussion of the cross-section sampling tech- 

niques. Finally, the mle of the multilevel effect  on reactor Doppler- 

effect analysis is examined in Section I V .  Shple  examples that i l lus t ra te  

the s t a t i s t i ca l  behavior of the S-matrix parameters are given. N m r i d  

e s u l t s  obtained using the single-level and the multilevel m p ~ s e n t a t b m  

are compared. I 



11. Problems Associated with Estimation 

of Resonance Self -Shielding Effect 

The treatment of the resonance self-shielding effect in the unresolved 

energy region is a natwal  extension of the s t a t i s t i ca l  theory of average 
1 

cross sections such as described by Fkldauer and Ericson. Since the 

theoretical foundations may often be obscurred in routine applications, 

it is useful t o  s&ze briefly sane conceptual aspects of the problem 

prior t o  the  detailed discussions of the basis for  the calculational 

rrethods . 
The quantities of interest  in the reactor calculations are generally 

of the form 

which represent the expectation values of the reaction rate of a given 

reaction process and the neu-trran f l u x  over a large number of events 

wi thh  a given enem hterval. Here, the ne-n flux $ depends on the 

mcmscopic total and scattering cross sections as described by the inte- 

p a l  Wansport equation. Without loss of generality, the cross section 

of any given p c e s s  x can be represented 51 the R-matrix f m l i s m  in 

t a m  of pammters Eoi and yci 

where Eoi and yci are the R-matrix s ta te  and the reduced width for various 

channels c , respectively. Fram the s ta t i s t i ca l  theory of spectra,4 the 

distributions of these parameters are well h a m .  The distribution of 
Eoi for a given spin state is characterized by the Wigner distribution 

and by the long-range correlations described by Dyson. )1,5 yci are sta- 

tistically independent and mm1l.y distributed with zerw mans and 

variance of m i t y  according t o  Porter and T ~ O B M ~ . ~  Given 

( 1 ~ ~ ~  - Eoi+ll) and rti , E q  2 ,  i n  principle, includes a l l  the s ta t i s -  

t i c a l  information and the explicit energy dependence of the cross sections 

Fmn which, and through the integrdl tmnsport equation, the randcm vari- 

able qi and its expectation values are ocmpletely specified. 



For pmctical applications the R-mtrix representation, w h i &  q u i r e s  

the hversion of a level matrix, is clearly too complicated, especially 

when the tempersat- dependence of the cross sections is considervd. 

This, of caurse, excludes the cases where the natural widths of the =so- 

nances are nu& smllei- than the level spacing and the Breit-Wigner eqm- 

tion beccmes valid. For special cases where the hit-W&er equation is 
questionable, one convenient alternative is  t o  use the S-wtrix rvpre- 

sentation frcm h i c h  a simple energy and temperature dependene can be 

derived. '8 " One disadvantage of the S-matrix r e p ~ s e n t a t i o n  is our 

lack of a s t a t i s t i ca l  theory that  w i l l  adequately desa4be the s ta t i s t i -  

cal behavior of the S-mtrix parameters. The problem, therefore, beccmes 

that  of finding the s ta t i s t i ca l  properties of the S-matrix parameters 

frm those of the h a m  R-matrix parameters. Nmerical approaches are 

usually required i n  practical calculations with the exception of sane 

oversimplified special cases. A further discussion of this subject w i l l  

be given in Section IV. 

Two special problems mst be considered in the application of the 

statistical theory t o  self-shielded avewe cross sect ims.  First, the 

presence of the neutmn flux in Eq. (11, which attenuates as energy 

decreases, cmplicates the pmblem significantly. The s ta t i s t i ca l  des- 

cription of q within any given energy interval becams maningless i f  

the neutson f l u x  attenuates too rapidly. Consequently, significant uncer- 

ta in t ies  in the e s t h t e d  self-shielding effect are expected in the low 

energy region where the resonance absorption b e m s  strong. Secondly, 

there does not appear t o  exist  any simple way to relate the s t a t i s t i ca l  

khav io r  of the self-shielding effect in the unresolved energy region 

direct ly to the observed s ta t i s t i ca l  behavior of cmss sections fm 

various experirrents. The l a t t e r  problem is particularly important in 

the application of W t e  Carlo techniques. 

The pmblem can be best i l lustrated by using the narrclw resonance 

approximation which is widely used in the reactor applications. For 

simplicity, consider the case of a inf in i te  hmgeneous reactor system. 

Under the assmption that the extent of the msonance is small ccmpared 



t o  the rnurimum energy loss per collision, the neutron flux becon~s in- 

verse1 proportional t o  the t o t a l  macroscopic cross sed ion  of all isotopes 

in the system. 'I'he self-shielded reaction ra te  fo r  a given isotope i be- 

m s  simply 

&ere C and CR are the macroscopic t o t a l  potential scattering and to ta l  
P 

resonance cross sections respectively. The quantity (axi) is the 

unshielded average cross section which is temperature independent. The 

second tern  represents the degree,of the self-shielding effect and is 

temperature dependent. In terms of the cross-section s t a t i s t i c s ,  the 

self-shielding term clearly rela-tes t o  the higher-order moments not only 

of axi and ati but also of the t o t a l  cross section of different isotope 

i' in the mixture. Hence, an adequate s t a t i s t i ca l  description of the 

means (axi) alone my not be sufficient in es t imt ing the self-shielding 

effect especially when the energy interval under considemtion i s  rela- 

tively mall i n  practical applications. Of particular interest  f m  a 

theowticdl p i n t  of view is a special case in which EQ. ( 3 )  approaches 

asymptotically t o  

in the l i m i t  of high energy where the Doppler width b e c m s  relatively 

large. The constant k is the avemge mcroscopic t o t a l  cross section 

(c,) per a t m  concentration of isotope i under consideration. 

It is interesting t o  note that ,  under th i s  limiting condition, the 

self-shielding effect can be identified directly with the correlation 

between the microscopic reaction cross section uxi and the corresponding 

to ta l  mss  section ati.  This is, of course, t rue only under the 

idealized condition where the nwber of resonances fo r  a l l  the isotopes 



present is large. Under such condition, the correlations between the 

uncorrelated resonances vanish. It is,  -therefore, reasonable t o  assum 

that  the minimum ~ q u h m e n t  for  any meaningful s t a t i s t i ca l  mthod i s  t o  

reproduce a t  leas t  the f i r s t -  and the semnd-order mrnents defined in 

Eq. (4) when canpared t o  the obsemred values from the cross-section 
experiments. bre rea l i s t i c  conditions appear t o  r e q u i r e  the preserva- 

t ion of the correlation between uxi and Ct i f  the energy interval under 

consideration is relatively small. It appears tha t  a reduction i n  sta- 

t i s t i c a l  uncertainties m y  be possible i f  experimental informtion on 

such correlations is available. The importance of such conditions in 
practical calculations w i l l  be further discussed i n  the next section. 

111. BASIS AND P R O B W  CONCERNING THE EXISTING MEXHODS 

The validity o f  the hit-Wigner equation is usually a s s w d  i n  
practical. reactor applications. The temperature and energy-dependent 

cross sections are exprzssed in term of the well-hum bppler-broadened 

line shape functions. The joint distribution function is specified once 

the independently distributed probability functions for each partial 

width and the distribution of level spacing are bm. 

There are generally two m'd-~ods in  estimating E(q) ; namely (1) the 

Integral Mthod, in which a multiple i n t e p t i o n  is perfomd over the 

distribution functions and mew; and (2)  the Discrete (or Monte Carlo) 

Method in which the expectation value is  considered as the swn of the 

appropriate discrete values generated from knm distribution functions. 

The detailed descriptions of these methods are available i n  the l i terature 

and w i l l  not be discussed in th is  paper. Instead, sane h p r t - t a n t  aspects 

of the s ta t i s t i ca l  theory pertinent t o  these methods w i l l  be discussed. 

A. Integral Method 

The expectation value E(q) of interest  is generally much too compli- 

cated t o  be W a t e d  by the integral method unless s m  simplified asswnp- 

tions are mde on the space and energy dependence of the flux. It is 

cust- t o  ass- that  the narrow resonance approxk t i an  and the 



Wigner rational apprwximtion of collision probabilities and the equiva- 

lence relations are valid. lo Under these assumptions, the expectation 

values of interest  are of the form defined in Eq. (3)  and can be written 

in the relatively s h p l e  forms: 

and 

where o(eq) and (D) are the "equivalent" potential scattering cross sec- 
P 

tion and the average spacing respectively. The characteristic integral * 
J is defined and discussed i n  Re f .  12. All the expectation values are 

evaluated at Eo which m y  be conveniently taken t o  be the midpoint of the * 
energy interval of interest. It should be noted that  the J -treatment 

described in the previous work12 has been improved in  conjunction with 

the recent deve lopn t  of the MC2-2 code. Efficient algorithms have been 

developed t o  treat cx~*). In particular, the in-sequence overlap effect 
/ 

is treated mre accurately taking in to  account the long-range correlation 

of levels described by D y ~ o n . ~  The detailed discussions are given in 

Ref. 13. 

O f  particular interest  in the present paper i s  the implicit assumption 

involved in the Integral Method. One of the m s t  important assumptions is 
that  -the ergodic theorem must be valid. The Validity of the ergodic 
theorem required that the following l i m i t  condition must exist  for  any 

given energy interval 



( L ) ~ ' ' ( L  } is a subset or a "ladder" of the stationary sequence where {rxi 
it. 

of resonance integral {l' .J. 1. The discrete sum i s  required t o  approach 
X1 I" (T;T*)E ergodically when N bemms large. This assmption provides a 

0 
naturdl transition between the resolved resonances and the unresolved 

n%onances. The results obtained using the integral method represents 

the theoretical man values under the idealized conditions. 

B. Discrete (or b n t e  Carlo) Method 

In contrast t o  the integral mthod, the cross sections may be con- 

sidered a s  an energy-dependent discrete sequence sampled from the appro- 

priate distribution functions in estimating the expectation values. The 

discrete mt'hcd is clearly less res t r ic t ive ,  and asswptions on energy 

and space dependence of neutrwn flux are not wquied .  Hence, it is 

extremely useful in mpe rigorous calculations, If the same a s s q t i o n s  

ax used, the results obtained by the discrete wthod must appmach those 

obtained by the integral mthod ergodically according t o  Eq. ( 7 )  under 

idealized condi-tions . In practical calculations, however, the energy 

interval in which the  expectation values are defined i s  f in i t e  and som- 

t k s  mal l .  Consequently, large dispersions in E(q) obtained using 

various cross-section sequences are expected i f  the sample size is s m l l .  

There are two mthods of generating discrete cross sections. One 

mthod i s  t o  construct the resonance sequences directly frm the d i s e i -  

bution functions of the pa r t i a l  widths and level spacing and i s  often 

referred t o  as the "ladder" technique. Another mthod i s  t o  sample the 

cmss sections from conditional distributions of various reaction m s s  

sections deduced fram the ladder technique. The l a t t e r  method w i l l  be 

referred t o  as the cross-section sampling technique. 

I .  Ladder Method. This ~llethod is most straightforward. A l l  the 

energy dependence of the cross sections within the energy region under 

consideration i s  included explicitly in the calculations. Considerable 

uncertainties in the self-shielding effect me expected when the t o t a l  

number of resonances within the given energy interval is small. From a 

practical point of view, some bias is obviously needed in order t o  repro- 

duce the observed behavior of the microscopic moss sections as a func- 



tion of energy. For this reason, Dy0sl4 has suggested two criteria in 

selecting resonance ladders. First of all, the mans and variances of 

the nuclear parmneters for the selected ladder must match the theoretical 

values as closely as possible t o  be representative of the characteristics 

described by the theoreticdl distribution functions. Secondly, the 

unshielded average cross sections within the given energy interval must 

be equal t o  the observed value. It was hoped that  the biased selection 

of resonance samples would reduce -the uncertainties in the Doppler-effect 

calculations. A s  discussed in Section 11, the self-shielding effect  and 

the Doppler effect depend on the higher-order mments in a rather compli- 

cated way. Adequate s t a t i s t i ca l  samples for the unshielded average 

(ox) not be sufficient in e s t h t i n g  the Ibppler ef f e d .  

Investigation of t h i s  problem has been carried out using the n a m  

resonance appmxima-tion.15 The resonance integrals in Eq. (5 1 can be 

represented by the unshielded term (ax) and the self-shielding term (say 

(Sx) ) similar t o  that  given in Eq. ( 3 ) .  ?"ne point in question is then 

t o  estimate the relationship between the variances of the discrete sum of 

temperahre derivatives 

for the unbiased and the biased samples. %o interesting results  were 

found: (1 the  variance of 

was found t o  be appmximtely inversely proportional t o  N, the total nmber 

of levels present within a given energy interval; and ( 2 )  the conditional 

variance of (a/aT) Sxi for any given uxi is related t o  the variance of 
(a/aT) Sxi for the unbiased sanple by the simple relationship 



where p is the correlation coefficient fo r  oxi a d  Sxi. Hence, the biased 

sampling technique of Dyos14 w i l l  generally reduce the dispersion of the 

calculated Doppler effect and its effectiveness is characterized by the 

correlation coefficient p .  p ,  in turn, depends strongly on the cmposi- 

t ion of the system under consideration. 

To i l lus t ra te  the magnitude of p in practical applications, calcu- 

lations have been carried out for two rea l i s t i c  cases in the enwgy inter- 

val around 1 keV with the temperature h m n t  of AT = 750-300°K. Case 1 

is equivalent t o  an isolated PuOn sample with o(eq) = 71.7 barns per atom. 
P 

Only the S-wave resonances are considered, Case 2 is equivalent to a 

system with 238~:239~u = 7:l w i t h  a = 300 barns per 2 3 9 ~ u  atan. The 
P 

resulting 0 for 239Pu in two cases are given belaw: 

F i s s i o n  Capture 

Case 1 -0 -644 -0.953 

Case 2 -0 -408 -0.849 

It is seen that  the scheme of 4rce14 wi l l  significantly improve the 

caphlre contribution to the Doppler effect, but the improvement for  the 

fission contribution is much less. In the presence of a strongly over- 

lapping sequence of 3 8 ~  resonances, however, p for the fission contri- 

bution is  so s m a l l  tha t  the corresponding conditiondl d a n c e ,  and the 

variance for the unbiased samples are substantially the same. Under such 

conditions, very l i t t l e  improvement is achieved by suing the scheme of 

~ y o s  .14 

It is believed that the mthd can be -her inproved i f  the 

selected sample is chosen not only t o  reproduce the  observed value in 
(ox)\ but also the "obsemedtt c o m l a t i m  between ox and a (and/or zt ) . 

t 
This  quires additional experimental information which my not be 

obtained easily. F'urther studies are obviously needed. 

2. Cross Section SampZing Technique. The m s t  serious limitation 

of the ladder method is that  it requires not only large s tokge  but also 

considerable ccmputing time in calculating the Coppler-broadened line- 

shape functions a t  various energy points for a given temperature. One 



alternative t o  the ladder method is the cross section sampling mthod, 

whereby the cross sections are sampled directly frcan the probability 

distributions of various cross sections deduced f m n  the known distribu- 

tions of resonance parmeters using Eq. ( 2 ) .  One simple but useful 

technique of this kind has been pmposedby Levitt for the fas t  reactor 

applications. 16'17 Of particular interest  in the following discussions 

are the theoretical foundations and limitations in the application of the 

cross-section sampling technique. 

Let h(ox, as ,  ot be the joint density function fo r  random variables 

a as ,  and at corresponding t o  the reaction, scattering, and to ta l  cross 

sections respectively. I n  principle, h(ux, as,  ut can be deduced f r o m  

the joint distribution of the resonance parameters through the transfor- 

mation of variables as long as the Jaoobian of the transformation does 

not vanish. It should be noted that, while the correlation of various 

resonances is described by the appropriate cornla t ion functions, the 

e n e w  cornlation among cross-section values within a given resonance 

depends on the explicit desmiption specified by the cross-section for- 

m a l i s m .  If one is  only interested i n  the proper s t a t i s t i ca l  description 

of the mans and various m n t s  in the cmss sections, it is possible 

to construct h(ox, a,, at 1 numerically fran the pointwise mss-section 

values determined h the r e s o m c e  ladders. These values at  various 

energy points within a given interval ax assurned to f o l l m  uniform 

statistics. The joint distribution h(ox, a,, ot) determined th i s  way 

mmnts  of the unchanged using this joint 

t i e s  by 

For pmctical applications, two questions ar ise  inmediately: 

(1) while h(ox, a at) is sufficient i n  determining a l l  mments i n  cross 
S '  

sections, the questicn is whether it is also sufficient i n  estimating 

E(ax$) ; and (2  Eq. (9 1 inplies the need of multidimensional tables which 

my make this method unattractive. Extensive studies concerning these 



questions have k e n  carried out by -ell8 a t  ibgonne National laboratory. 

'I'hesc questions, which were found t o  be closely related, do not appear t o  

present any serious problem in cases of practical interest. To i l l u s t r a t e  

what i s  relevant in pmctical applications, a simple example i s  given. 

Without loss of generality, consider a two-region problem which i s  

of considemble interest  in reactor -alculations. Let 41 and $2 be the 
neutron fluxes in spat ia l  regions 1 and 2 ,  respectively. The fluxes are 

related t o  the collision densities by 

( 2 )  m l  = F and (2 = F2/ct , 

and the collision densities are described by Chemick's equation 
19 

whelp FF1 and P2 are the resonance escape probabilities for Regions 1 and 

2 respectively; E .  and ui are the m x h u m  increment in lethargy and the 

mximum fractional energy loss per collision for a given isotope i . For 

simplicity, 1L2) and F2 are taken t o  be constant. P1 and P2 vanish for 

an inf in i te  homogeneous system. 

Strict ly speaking, F1 &pads  not only on the cross-section values 

a t  a given u but also on those within the interval ci from u. Hence, 

the question i s  whether the energy-independent joint distribution func- 

t ion h(ox,  us, or 1 is sufficient in deswibing 6 1 (u) . Qualitatively, 

t h i s  question clearly does not ar ise  i f  the extent of the resonance is 

-1 ccmpared t o  the mixhum energy loss per collision. Under this 

condition, the events taking place within a given resonance becane 



uncorrelated since the neutrons, when suffering e las t i c  collisions, a R  

scattered outsi& of the resonance for  practical punposes , The question 

of &at types of conditional distributions are actually needed in the 

calculations is also closely related to  the narrawness of the resonance. 
(1) ( 2 )  

The first-order solution t o  the slowing-dan equation, say ( .P, 1. 
does not depend on the resonance-scattering cross sections explicitly. 

Hence, the  corresponding first-order estimate of the expectation value 

E( ox$ ) for the case of one resonance absorber b e m s  

r (1 
") 1 o:l'] is the mnditiona ma of 0:') fo r  any givm ot where E ax 

defined as 

The relevant statistical descriptions that appear i n  the first- 

order estimate are the conditional man md the m g i n d l  p.  d. f .  of the 

to ta l  cmss sections, and the con&itional densities do not enter the 

calculation explicitly. k t h  E are functions of 

the variable oj') only. The contribution of the resonance scaftering 

cross section will appear in the second-order solution of the slowing- 

d m  equation. In the unresolved energy ~ g i o n  of interest, the reso- 

nances of the heavy nonfissionable isotapes are generally narrow campared 

t o  the maximum energy loss per rollisLon. For fissionable isotopes, the 
resonance-scattering cross sections are generally small a m p r e d  t o  other 

reaction processes if the resonances are not narrow. Under the l a t t e r  

condition, the first-order e s t k t e s  are generally satisfactory in  prob- 

lems of practical interest. For narraJ resonances it can be s h m  that 
the con'mibation of the resonance-scattering cross section in the second- 

-order est-tes of E 0 ( 1 ) ( ~  exhibits the s- f- s Eq. (12) C I 



[L1)\o:ll and h[oL1)] i f  one replaces the 1-P l i m i t  characterized by E o 

of Eq . (11) by zero. Thus, only conditional means of various reaction 

processes ard the marginal p. d. f . of ot are needed explicitly in e s t b t -  

h g  E u $I i f  the resonanes are n m  or i f  the first-order appm&tion [ x 1 
is valid. It is  fartunate that  these conditims are generally satisfactory 

for pmctical  problems of interest  in the m s o l v e d  energy x g i o n .  Since 

the s t a t i s t i ca l  behavior is chwcter ized by the functions of one variable, 

it is, therefore, feasible t o  construct one-dimensional tables of the 

cumulative density f a c t i o n  and various conditional m a s  for the 

practical application. 

It is believed that  the sm theoretical foundations are implicitly 

used in the nethod p p o s e d  by ~ e v i t t  .16 After extensive studies by 

Pmel,18 it was found that the probability tables described by k v i t t  

are, in fact, identifiable with H o and various conditional means. 
f( t) 

For numerically accurate tables, it is reasonable t o  expect that  k v i t t ' s  

mthod wi l l  e s t h t e  E adequately within the limit of the conditions 

described. 

IV. APPLICATION OF WLTILWEL FORMALISM FOR REACTOR CALUJLATIONS 

h reactor applications the explici t  energy and temperature &pen- 

dence is g e n e d y  required. One convenient way of examining the  m u l t i -  
1 

level effect i s  t o  extend the procedure described by Moldauer for 

treating the average cmss section in the unresolved ~ g i a n ,  using the 

S-mtrix formulation in which the energy dependence of the cmss sections 

is represented by means of the resonance pole expansion. The Doppler- 

broadened cmss sections can be readily obtained by integrating the 

the unbroadened cross sections over the Maxwell-Bolt= kernel. For 

our purpose, the Doppler-broadened cross sections can be written as 

and 



where the complex pole P and the complex amplitude 
P 

residues 

I a are related t o  t he  usual S-mtrix paemters  by 
IJ 

and 

(16 

and the red and the innginary  par?^ o f  the ccmplex pmbabili-ty integral 

with the appropriate constant can be d i r e c t l y  ident if ied with the usual 

symwmic and asyrmetric-broadened functions respectively. The real and 

complex parts of various paramters are directly identifiable with those 

of ~dler-~dler.  From a purely numer id  point of view, them i s  a 

st~iking similari-ky between the rrmltilevel pepresentation t o  these f o m  

and the single-level representaticm with the exceptim of the presence 

of the asymnetric-broadened line-shqe h e i o n  i n  the reaction cross 

section. It is, therefore, particularly amenable for reactor applica- 

tions. It requires very l i t t l e  d f i c a t i o n  of the existing codes fo r  

calculating the rexmance absorption t o  accomcZate the use of the multi- 

l e v e l  formalism. 

In  the practical calculations, hmever, the effect of using the nulti- 

level f o m l i s m  i s  generally d i f f icul t  50 estimate in spite of the simi- 

l a i t y  in the description of the energy and ternperatw dependence defined 

in 1 % ~ .  14  and 1 5  and the conventional single-level representation. 

Qualitatively, the effect my  arise fmn three min sources: (1) the  

s ta t i s t i ca l  behavior of the S-mWix -tern is g e n e ~ l l y  different 

frcm that of the R - m a t r i x  parameters; ( 2 )  the dependence of the reaction 

amplitude iu for a given ,J on the separatim E - E gives r i se  t o  an 
P u *  

additional term in both the unshielded and shielded reaction cross sec- 

tions which does not appear in the single-level equation; and ( 3)  there 

exists an asymetric contribution in the reaction cross section which 

does not appear in the single-level equation. One of the mt diff icul t  
problem is t o  determine the precise s ta t i s t i ca l  behavior of the S-matrix 



parameters. There does not appear t o  exist  a general s t a t i s t i ca l  theory 

t o  describe these p a r m t e r s  with the exception of perhaps saw over- 

simplified cases. The problem becomes then that  of deducing the s t a t i s t i -  

cal behavior of the S-mtrix parameters numerically f m  those of the R- 

matrix parameters well described in the s t a t i s t i ca l  theory of spectra. 4 

The formal approach requires the following computational pmcedums : 

(1) The f i r s t  step is to generate fram appropriate distributions a 

se t  of randm R-mtrix parameters whereby the level mtrix can be constructed. 

( 2 )  The level mtrix, which is a ccmplex symwtric matrix, must be 

d iaondized.  !he eigenvalues of th is  level m t r i x  yield the S-matrix 

pole parameters ru and rjs)  directly and the channel pole 8 n p l i t d e  g 
lJc 

can be obtained f r c d n  the corresponding eigen-vedors. 

A c q u t e r  code WXDIK20 which all- a level matrix with nw&num I 
size of 120 x 120 has been developed for this purpose. The computing 

time, of w h i a  a sigrLficant portion is required for cmnputing the eigen- 

vectors, b e m s  large when the s i ze  of the level matrix is greater than 

50 x 50. An alternative procedure of computing The Adler-Adler pararrreters 

has been developed by deSauss- and perez21 using the Reich-Moore forma- 

lisrn.22 I n  this mthcd the collision mtrix is not expressed i n  terms of 
A ~ 

the level mix-ix but in terms of a 'channel mfxix. The size of the chan- 

nel matrix is determined by the to ta l  nwnber of fission channels and is 

usually Very smll. This a p p d &  requips  the inversion of a s&l 

channel mtrix accompanied by the calculation of the S-mtrix pole parame- 

ters from the cmplex m t s  of a N-th order p o l y n d a l .  Since the mthod 

does not require the diagonalization of a large level  m t r i x  of which the 

computation of the eigen-vectors is mast t h  consuming, it i s ,  therefore, 

mre economical for pmctica3. applications. 

In Ref. 8, s m  quantitative and qualitative studies on the s t a t i s t i -  

cal distributions of the S - m - h h t  pmmeters were carried out. The dis- I 

tributims of the S-mtrix parameters are usually different Erom "chose of 

R-matrix pmns te r s  and are sensitive t o  the ra t io  of the average level 

spacing (D) and the average total  width ( r  ) used in the calculations. 

For S-matrix spachg E - E the distribution appears t o  deviate frwn u P" 
the Wigner distribution near the origin i f  the ra t io  (~)/(l') is small. 



Figures 1 and 2 show so* of the representative r'esults obtained using 

MATUG. 20 It i s  generally difficult t o  deduce the exact shapes of these 

distribution functions fKnn the numerical results .  For the purpose of 

i l lus t ra t ion,  analytical distributions have been derived for the simpli- 

fied case of two-level and one-channel pmblerns similar t o  those con- 

sidered by ~ a r r i s o n . ~ ~  Figures 3 and 4 shm the analytical distributions 

of the S-mtrix level spacing D(') and r(') for various values of ( ~ ) / ( r ) .  
The distributions of and r(') begin to deviate from the Wiper dis- 

tribution and the PorterThomas distribution, ~ s p e c t i v e l y ,  as ( ~ ) / ( r )  be- 

c m s  s d l .  The results   IF qualitatively consistent with the case with 

many levels and channels. One of the advantages of the simple example is 

that  the s t a t i s t i ca l  behavior of the distributions can be examined mm 
precisely. One quantity of particular interest is the dispersion of these 

distributions. Table I shows the variance of D"' fop various vdws of 

{ )  . Similar results  using the direct n m r i c a l  technique were also 

obtained by deSaussm and Perez. 26 

In R e f s .  9 and 24 ,  the importance o f  the multilevel effect in reac- 

t o r  applications has also been e x b e d .  Judging f m  the magnitude of 

( ~ ) / ( r ) ,  one expects that the ml t i l eve l  representation my play a role 

only *en the fissile isotopes are considered. Of particular b t e r e s t  i n  
the practical applications is its role in inconjunctton to the analysis of 
Tbppler experiments. Calculations wing either the single- level or  the 

multilevel formulation can be carried out using the modified RABBLE 

code2' w i t h  the appropriate parametem generated fim the MATDiAG code. 20 

The m s t  d i f f icul t  problem i n  these studies is t o  establish a reasona- 

ble basis for camparing the results obtained by using the different cross- 

section representations. The i n t ~ t a t i o n  of the multilevel e f fec t  

depends t o  a great extent on the basic assumptions used. Two possible 
assmptions are : 

(1) The same se t  of R-matr ix  panmeters genemted frcrn the appro- 

priate distributions with given man values is used for both the single- 

level and multilevel approaches. The r~rsulting unshielded and the self-  

shielded average cross sections obtainedby the two approaches are cer- 

tainly expected t o  be different mless the level mtrix is diagonal. The 

comparison of the results m e  on .this basis dl1 provide a test on the 

vaLidity of the single-level equation. 



( 2  The -dm parameters fo r  the d t i l e v e l  and the single-level 

parameters n u t  be chosen in such a way that  the resulthg unshielded 

average cross sections are identical w i t h  the observed value. This i s  

the condition usually required in practical calculations regardless of 

&at cross-section formalisms are used. The canparison of the results  

on the basis of the latter assumption w i l l  provide further understanding 

of the role that the multilevel formalism plays in the pmcticdl 

calculations. 

Nunerical calculations of the self-shielded cross sections for the 

highly enriched 1/2-in.  UOz and Pu02 samples have been carried out under 

various conditions using the a s s q t i o n  (1). It was found that  the m u l t i -  

level representation genemlly yields greater values of average capture 

~ v l s s  sections and the capture-to-fission rat ios than those single-level 

results obtained by using the sare s e t  of random R-matrix parameters 

generated from the appropriate dis-tributions and means. Noticeable dif- 

ferences in the Doppler change of the self-shielded cross sections w e r e  

also observed if (D) /(r) is snall.  Tables TI and 111 give sore typical 

results obtained for  1/2-in. enriched samples of Pu02 and ID2 respectively. 

The multilevel approach, which yields higher values of 5 /af and 68  / 6 0 f ,  
Y Y 

is expected t o  decrease the positive contribution t o  the Doppler reactivity. 

It is important t o  realize that only one S-wave state is c o n s i d e ~ d  in 
these calculations. The role of the multilevel representation is much 

less important for other S-wave states due t o  the larger ( ~ ) / ( r )  ratios. 
The overall effect is certainly much smaller than those indicated in  

Tables I1 and 111. F W h e m r e ,  there is the question of whether the 

basis of caparison using the assumptirm (1) is  fair in the practical 

application. Regardless of the ms-seckion formalisms, the calculated 

r e s u l t s  m t  be related t o  the observed values of cross sections. In 

absence of precise knowledge of the mgnitude of the masmd cross sec- 

tions and thsir relevant higherorder m t s ,  conclusions bawd on the 

calculated results are rather a r t i f i c i a l .  Further studies using the 
I 

assuption (2)  my help improve understanding of the problem. 
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TABLE I1 

Comparison of kltilevel and Single-Level Results 

f o r  the Highly &riched 1/Z-in. EW2 Sample 
Using the Mdified RABBLE (J = 0' only) 

Penetration Probability p - 1.0; 1.0 f 
Number of Poles - 80 
AE = 1.0 - 1.725 keV 

TABLE I 

Average Spacing and Variances for Various Cases 

(Two Levels, One Channel) 

* 
f2 [D's)], p . d . f .  of D"), is defined in Ref. 8 .  

Distribution 

Wigner 

Random * 
f, ( o ( S ) ) :  

(o>/(r) = TI 

(n)/{r) = 2.0 

{~) / ( r )  = 1 .O 

{Ll}/(r) = 0.5 

(D)/(T) = 0.1 

( D) 

1.0 

1.0 

0.9587 

0.9273 

0.8603 

0.9876 

0.714 

SL 

ML 

( D ( ~ ) )  

0.2732 

1.0 

0.3150 

0.3444 

0.4057 

0.4700 

0.4910 

Unshielded 

PY) ('f) 

0.1772 2.6131 

0.4044 2.7664 

Shielded 

'y300°R 'f300'K 

0.1235 2.2373 

0.2300 2.3188 

750- 300°K 

6 6 Y 6 13 f 

0.0101 0.0379 

0.0315 0.0476 



TABLE I1 I 

Cumparison of Wti l eve l  and Single-Level Results 
for the Highly Enriched 1/2-in. UD2 Sample 

Using the M i f i e d  RABBLE (G = 3 only) 

Number of Poles = 120 

AE = 1.0 - 1.165 keV 

Unshielded 

/- 
CASE I: pf = 1.0, 0.9, 0.18 

SL 0.8868 4.3024 

ML 1.0884 4.2503 

0.8112 3.9978 0.0218 0.0722 

0.9950 3.9190 I 0.0279 0.0759 

CASE 11: pf = 1.0, 1.0, 1.0, 1.0 

SL 0.4280 5.2726 

ML 0.5728 5.2477 
- 

0.3822 4.8797 

0.5059 4.7570 

0.0121 0.0963 

0.0194 0.1325 





Figure 2. The distribution function for S-matrix 
level w i d t h  using 50 interfering levels for  D / I' = a/2. 

( N e g .  No. 112-9980) 
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Figure 3 .  The analytical p . d . f .  f o r  the S-matrix 
Level spacing using two Levels. (Neg .  No. 113-126) 
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Figure 4 .  The analytical p.d.f .  f o r  r (s) 
using t w o  levels. (Neg. No. 113-132) 
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I. INTRODUCTION 

The t rea tment  of resonances i n  ENDFIB-111 i s  based, f o r  t h e  most p a r t ,  

upon t h e  s i n g l e  l e v e l  Breit-Wigner formalism w i t h  only a few m a t e r i a l s  

descr ibed  by m u l t i l e v e l  parameters .  T h i s  t rea tment  i s  e s s e n t i a l l y  

s a t i s f a c t o r y  f o r  the  present  r e a c t o r  d e s i g n  a p p l i c a t i o n s .  L a t e r  r e q u i r e -  

ments f o r  more a c c u r a t e  c a l c u l a t i o n s  may n e c e s s i t a t e  more e l a b o r a t e  

t r e a t m e n t s ,  p a r t i c u l a r l y  f o r  f a s t  r e a c t o r s .  However, i t  would be a  

mistake t o  a n t i c i p a t e  such a  need a t  t h i s  time because changes i n  t h e  

ENDF procedures l ead  t o  expensive and de lay ing  m o d i f i c a t i o n s  t o  t h e  

d a t a  p rocess ing  codes. 

There a r e  a  number of f a c t o r s  i n  t h e  t r e a t m e n t  of resonances i n  t h e  

ENDF libraries t h a t  are impor tan t  i n  r e a c t o r  d e s i g n  a p p l i c a t i o n s .  These 

inc lude  the fol lowing:  

a .  The d e t a i l  which i s  used t o  d e s c r i b e  reso lved  resonances.  

b.  The averaging c a p a b i l i t y  f o r  unresolved resonances.  

c .  The adequacy of t h e  resonance t rea tment  f o r  s h i e l d i n g  s t u d i e s .  

d .  The use of m u l t i l e v e l  v e r s u s  s i n g l e  Level formulae.  

Reactor  d e s i g n e r s  a re ,  f o r  t h e  most p a r t ,  q u i t e  happy with t h e  f i r s t  

two t r e a t m e n t s  a s  they a r e  i n  t h e  p r e s e n t  ENDF f i l e s .  Averaging of 

unresolved resonances seems t o  be s u f f i c i e n t l y  a c c u r a t e  and no s u r p r i s e s  

a r e  expected i n  the near  f u t u r e  which would change t h i s  conc lus ion .  The 

P r o b a b i l i t y  Table Method looks a s  though i t  may save some computing time 

and,  of course ,  has  a  unique a p p l i c a t i o n  i n  Monte Car lo ,  but it is not  

expected t o  improve t h e  accuracy which i s  achieved w i t h  t h e  p r e s e n t  

t r e a t m e n t  i n  ENDFIB-111. I f  t h e  P r o b a b i l i t y  Table Method does save 

c o n s i d e r a b l e  computing t i m e  and i s  convinc ing ly  demonstrated t o  be a c c u r a t e ,  

it would be p r e f e r a b l e  t o  t h e  p r e s e n t  use of average parameters ,  keeping i n  

mind the  convers ion  which would be necessary  f o r  t h e  p rocess ing  codes.  

With regard  t o  r e s o l v e d  resonances ,  some thermal  r e a c t o r  d e s i g n e r s  

may be somewhat unhappy wi th  t h e  reso lved  resonances i n  ENDF/B-I11 but 

necessary  c o r r e c t i o n s  should no t  involve m o d i f i c a t i o n s  t o  t h e  p rocess ing  

codes.  

The i n c r e a s i n g  use of ENDF L i b r a r i e s  f o r  s h i e l d i n g  a p p l i c a t i o n s  h a s  

po in ted  t o  t h e  need f o r  accuracy i n  t h e  i n t e r m e d i a t e  and high energy 



resonance d e s c r i p t i o n .  The resonance i n t e r f e r e n c e  minima a r e  of p a r t i c u l a r  

importance.  However, t h e  accuracy  which i s  r e q u i r e d  i s  p r i m a r i l y  a  

problem of i n t e r p r e t a t i o n  and e v a l u a t i o n  of b a s i c  d a t a  and should no t  

r e q u i r e  e l a b o r a t e  t r e a t m e n t s .  

Probably t h e  most d i f f i c u l t  q u e s t i o n  concern ing  resonance t rea tment  

i s  t h e  u t i l i z a t i o n  of. m u l t i l e v e l  v e r s u s  s i n g l e  l e v e l  formalisms. There 

i s  c o n t i n u i n g  p r e s s u r e  t o  go t o  t h e  m u l t i l e v e l  formalisms b u t  t h i s  p r e s s u r e  

i s  n o t  from t h e  r e a c t o r  community. 1t i s  recognized t h a t  t h e  m u l t i l e v e l  

e q u a t i o n s  g i v e  a  more a c c u r a t e  d f s c r i p t i o n  of resonances fo r  c e r t a i n  

m a t e r i a l s ,  i n  p a r t i c u l a r  f i s s i l e  m a t e r i a l s ,  b u t  i t  is  not  c l e a r  that: t h e  

use of such formalisms w i l l  s i g n i f i c a n t l y  improve t h e  accuracy  of  r e a c t o r  

c a l c u l a t i o n s .  It i s  the consensus of most u s e r s  t h a t  some d i r e c t  evidence 

f o r  t h e  need of  m u l t i l e v e l  formulae i s  r e q u i r e d .  A t  t h e  p r e s e n t  time d i r e c t  

comparisons of t h e  consequences of  s i n g e l  l e v e l  and m u l t i l e v e l  a p p l i c a t i o n s ,  

based upon t h e  same d a t a ,  a r e  e s s e n t i a l l y  non-ex is ten t .  

11. MULTILEVEL FORMALISM IN REACTOR APPLICATIONS 

Reac tor  parameters  which may be a f f e c t e d  by t h e  use of m u l t i l e v e l  

e q u a t i o n s  and which a r e  of concern t o  t h e  r e a c t o r  d e s i g n e r  i n c l u d e  t h e  

Doppler c o e f f i c i e n t ,  the cap ture  t o  f i s s i o n  r a t i o  (alpha v a l u e )  f o r  f i s s i l e  

m a t e r i a l s ,  s lowing down d u e  t o  resonance s c a t t e r i n g  i n  m a t e r i a l s  of 

i n t e r m e d i a t e  atomic weight  and t h e  c r o s s  s e c t i o n  i n t e r f e r e n c e  minima 

which a r e  used f o r  s h i e l d i n g  a p p l i c a t i o n s .  

A s  f a r  a s  t h e  Doppler c o e f f i c i e n t  is concerned,  t h e  most important  

m a t e r i a l  i s  a 3 a ~  and t h e  use of  m u l t i l e v e l  parameters  f o r  t h i s  m a t e r i a l  

i s  expected t o  have a  n e g l i g i b l e  effect s i n c e  t h e  l e v e l  spac ing  i s  l a r g e .  

The small l e v e l  spac ings  i n  f i s s i l e  i s o t o p e s  and t h e  smal l  number of 

channe ls  a v a i l a b l e  f o r  f t s s i a n  cause  s t r o n g  i n t e r f e r e n c e  e f f e c t s ,  which 

l e a d  t o  a s y m e t t y  and o t h e r  d i s t o r t i o n s  i n  f i s s i o n  c r o s s  s e c t i o n  resonances.  

Such d i s t o r t i o n s  of t h e  c r o s s  s e c t i o n  shape c a n  be expec ted  t o  i n f l u e n c e  

t h e  Doppler effect. Thus,  2 3 3 ~ ,  '"u, and t o  a l e s s e r  degree  a 3 B ~ u  may 

have non-negl ig ib le  Doppler c o n t r i b u t i o n s  which are dependent upon the 

resonance t rea tment  which i s  u s e d .  S i g n i f i c a n t  d i f ferences  i n  t h e  



c a l c u l a t e d  and measured a 3 9 ~ u  Doppler have been r e p o r t e d  by F i s c h e r ,  

e t  a l e C 1 )  i n  t h e  zoned ZPR-3 Assemblies 45 and 45A and by ~ a v e ~ ( ~ )  i n  

ZPR-3 Assembly 48. There was cons iderab le  u n c e r t a i n t y  i n  bo th  s e t s  

of measurements b u t  i n  a l l  c a s e s ,  excep t  one where the  sample was 

surrounded by B4C, the  measured Doppler e f f e c t  was s i g n i f i c a n t l y  l e s s  

p o s i t i v e  (and f o r  Assembly 48 i t  was smal l  and n e g a t i v e )  than  t h e  

c a l c u l a t e d  v a l u e s .  I n  c o n t r a s t ,  t h e  agreement between measured and 

c a l c u l a t e d  v a l u e s  f o r  t h e  2 3 8 ~  Doppler was g e n e r a l l y  good. The a 3 9 ~ u  

r e s u l t s  a r e  an i n d i c a t i o n  t h a t  t h e  m u l t i l e v e l  approach may be r e q u i r e d  

t o  c o r r e c t l y  e v a l u a t e  the  2 3 9 ~ ~  Doppler e f f e c t .  However, t h e  a 3 9 ~ u  

c o n t r i b u t i o n  t o  t h e  t o t a l  Doppler i n  f a s t  power r e a c t o r s  i s  l e s s  than 

5% and it would r e q u i r e  a  s i g n i f i c a n t  change i n  t h e  a 3 9 ~ u  c r o s s  

s e c t i o n s  t o  have an a p p r e c i a b l e  e f f e c t  on t h e  t o t a l  Doppler.  The 

agreement between t h e  c a l c u l a t e d  and measured Doppler f o r  S E F O R ( ~ )  i s  

one i n d i c a t i o n  t h a t  no l a r g e  s u r p r i s e s  a r e  t o  be expec ted .  

One of t h e  d i sadvantages  of most m u l t i l e v e l  formulae i s  t h e  

d i f f i c u l t y  i n  computing t h e  Doppler broadened c r o s s  s e c t i o n s  us ing  t h e  

s tandard  $ and X f u n c t i o n s .  Only the  Adler-Adler equa t ions  which a r e  

s p e c i f i e d  f o r  ENDF/B-111 provide t h i s  c a p a b i l i t y .  

There i s  some evidence t h a t  t h e  a lpha  v a l u e  f o r  f i s s i l e  m a t e r i a l s  

i n c r e a s e s  i n  going from the  s i n g l e  l e v e l  t o  m u l t i l e v e l  parameters .  

Pennington and ~ a r ~ i s ( ~ )  g ive  t h e  r e l a t i o n s h i p  between t h e  s i n g l e  l e v e l  

and m u l t i l e v e l  i n f i n i t e l y  d i l u t e  resonance i n t e g r a l  f o r  two ne ighbor ing  

resonances  i n  t h e  unresolved resonance r e g i o n  a s :  

where D i s  t h e  s e p a r a t i o n  of t h e  two i n t e r f e r i n g  l e v e l s  and t h e  o t h e r  

terms have t h e  u s u a l  meanings. It i s  apparen t  from t h e s e  e q u a t i o n s  



t h a t  the  m u l t i l e v e l  aZpha v a l u e  w i l l  be l a r g e r  than  t h e  s i n g l e  l e v e l  

v a l u e .  However, it i s  not  c l e a r  t h a t  the  same resonance parameters  

should be used f o r  both t h e  m u l t i l e v e l  and s i n g l e  l e v e l  e q u a t i o n s .  

Rather, i t  i s  t o  be expected t h a t  t h e  resonance i n t e g r a l s  would be t h e  

same r e g a r d l e s s  of t h e  t rea tment  which i s  t o  be used. Whether adequate 

f i t t i n g s  can be c a r r i e d  out  t o  g i v e  t h e  same m u l t i l e v e l  and s i n g l e  

l e v e l  c r o s s  s e c t i o n s  f o r  c a p t u r e ,  f i s s i o n ,  and s c a t t e r i n g  remains t o  be 

shown. 

The m u l t i l e v e l  e q u a t i o n  h a s  been found t o  g ive  a c o r r e c t  d e s c r i p t i o n  

of  t h e  v e r y  complicated s c a t t e r i n g  resonance s t r u c t u r e  of medium weight 

n u c l e i . ( 5 )  I n  p a r t i c u l a r ,  it d e s c r i b e s  c o r r e c t l y  t h e  i n t e r f e r e n c e  between 

two c l o s e l y  spaced resonances ,  w i t h  t h e  same quantum number, which d e s t r o y s  

t h e  s i n g l e  l e v e l  shape of bo th  resonances .  The r e a c t o r  d e s i g n e r  i s  p r i m a r i l y  

concerned wi th  the  resonance s c a t t e r i n g  s t r u c t u r a l  m a t e r i a l s  such a s  i r o n ,  

n i c k e l ,  and chromium. I f  t h e  c r o s s  s e c t i o n  s h i e l d i n g  f a c t o r s  a r e  not  much 

d i f f e r e n t  i n  m u l t i l e v e l  o r  singLe l e v e l  then  t h e  e f f e c t  on f a s t  r e a c t o r s  

w i l l  be small .  I n  t h e  fo l lowing  s e c t i o n  s h i e l d i n g  f a c t o r s  based upon t h e  

s i n g l e  l e v e l  d a t a  f o r  i r o n  from ENDF/B-11 w i l l  be compared wi th  t h e  s h i e l d i n g  

f a c t o r s  f o r  t h e  m u l t i l e v e l  d a t a  for i r o n  i n  ENDF/B-111. 

The adequacy or  inadequacy of s h i e l d i n g  d a t a  is  a l s o  an impor tan t  

concern f o r  r e a c t o r  a p p l i c a t i o n s .  Extreme accuracy i n  t h e  i n t e r f e r e n c e  

minima i s  r e q u i r e d  both wi th  r e s p e c t  t o  t h e  c r o s s  s e c t i o n  magnitude and 

f o r  t h e  energy distribution. An e v a l u a t i o n  s tudy  i s  r e q u i r e d  t o  determine 

the e f f e c t s  t h a t  resonance t rea tment  and Doppler broadening have on t h e s e  

minima and r e s u l t i n g  s h i e l d i n g  c a l c u l a t i o n s .  

III. STATUS OF DIRECT COMPARISONS OF MULTILEVEL 

AND SINGLE LEVEL EFFECTS 

D i r e c t  comparisons of t h e  e f f e c c s  of  m u l t i l e v e l  v e r s u s  s i n g l e  l e v e l  

resonance t rea tment  i n  r e a c t o r  a p p l i c a t i o n s  are few and are complicated 

by the u n c e r t a i n t y  a s  t o  what c o n s t i t u t e s  a  meaningful comparison. Taking 

account of  m u l t i l e v e l  e f f e c t s  poses d i f f i c u l t i e s  from t h e  s t a n d p o i n t  of 

e s t i m a t i n g  t h e  a p p r o p r i a t e  m u l t i l e v e l  parameters  (p r imar i ly  i n  t h e  unresolved 

resonance r e g i o n )  and of u t i l i z i n g  c o r r e c t  computat ional  t echniques .  



A .  Comparisons i n  t h e  Resolved Resonance Region 

M u l t i l e v e l  e f f e c t s  on t h e  temperature change i n  t h e  a 3 s ~  f i s s i o n  

c r o s s  s e c t i o n  in t h e  2 . 4  t o  29,O eV energy range have been r e p o r t e d  by 

 ohe en(" and ~ d l e r - ~ d l e r ( ~ ) a n d  were summarized by Humel  and Okrent.(') 

Cohen's r e s u l t s  i n d i c a t e d  t h a t  Auf f o r  a  change i n  temperature from 

1 5 0 0 ~  t o  2 5 0 0 ~ ~  and based upon t h e  m u l t i l e v e l  t rea tment  was about  15% 

l e s s  than  t h a t  f o r  t h e  s i n g l e  l e v e l  e v a l u a t i o n .  The e f f e c t i v e  c r o s s  

s e c t i o n s  themselves were,  on t h e  average ,  20 t o  50% higher  accord ing  t o  

t h e  m u l t i l e v e l  nurner i c a l  computat ions.  

Adler and Adler compared c r o s s  s e c t i o n s  from t h e i r  parameters  w i t h  

those  from s i n g l e  ' l e v e l  parameters  and t h e i r  r e s u l t s  appear t o  be 

reasonably  c o n s i s t e n t  with those  of Cohen. 

Tmeperature-dependent group c r o s s  s e c t i o n s  and t h e i r  Doppler changes 

between 300' and 7 5 0 ' ~  us ing  t h e  s i n g l e  l e v e l  and m u l t i l e v e l  r e p a r e s n t a t i o n s  

were ob ta ined  by modif ied RABBLE c a l c u l a t i o n s  and r e p o r t e d  by  wan^(') f o r  

h i g h l y  enr iched  UO, r o d s .  This  e v a l u a t i o n  was c a r r i e d  ou t  f o r  s i x  energy 

groups between 1 . 3  and 60 eV. The Doppler changes f o r  both the c a p t u r e  

and f i s s i o n  c r o s s  s e c t i o n s  v a r i e d  from 0  t o  over 40% lower f o r  t h e  m u l t i -  

l e v e l  r e s u l t s .  Hwarig s u b s t i t u t e d  qL f o r  gL i n  the  Doppler i n t e g r a l  of 

t h e  s i n g l e  l e v e l  formula whi le  r e t a i n i n g  t h e  same s i n g l e  l e v e l  ampli tude and 

the "smooth" d a t a . *  The d i s c r e p a n c i e s  i n  t h e  go ' s  and -MC7s were much 
f 

smal le r  than  prev ious ly  r e p o r t e d .  From t h i s  it was concluded that t h e  

presence of t h e  ant isymmetr ic  f u n c t i o n  i s  n o t  a major c o n t r i b u t o r  t o  t h e  

d i s c r e p a n c i e s  f o r  the  case  under c o n s i d e r a t i o n .  T h i s  conc lus ion  was based 

upon one g r o u p  and was considered t o  be inconc lus ive  because t h e  e x i s t e n c e  of 

r e l a t i v e l y  l a r g e  f l u c t u a t i o n s  of t h e  "smooth" c r o s s  s e c t i o n  i n  t h e  ENDF f i l e s ,  

i n  o ther  groups,  makes t h e  comparison not  meaningful .  

B .  Comparisons i n  t h e  Unresolved Resonance Region 

The t rea tment  of unresolved resonances i n  t h e  energy range around 

1 keV and above i s  v e r y  important  from t h e  s tandpoin t  of f a s t  r e a c t o r  

*It was po in ted  out  t h a t  t h e  e s t i m a t e d  average of t h e  t o t a l  width of t h e  
ENDF/B s i n g l e  l e v e l  parameters  was found t o  b e  cons iderab ly  l e s s  than  
t h e  corresponding average q u a n t i t y  f o r  t h e  m u l t i l e v e l  parameters  between 
0  and 60 eV. However, t h e  i n f i n i t e l y  d i l u t e  resonance i n t e g r a l s  were 
s t i l l  d i f f e r e n t  by a s  much a s  5-15%. 



a p p l i c a t i o n s .  DoppLer e f f e c t  s t u d i e s  have been c a r r i e d  ou t  f o r  a 3 9 ~ u ,  

i n  t h i s  energy range ,  a t  General  ~ l e c t r i c . ( ~ ~ )  These s t u d i e s  involved 

t h e  computat ions of t h e  i n f i n i t e l y  d i l u t e  f i s s i o n  c r o s s  s e c t i o n  of  

a 3 s ~ u  (Gf) and t h e  r e d u c t i o n  of  t h e  c r o s s  s e c t i o n  from i t s  i n f i n i t e l y  

d i l u t e  v a l u e  ( ~ g  ), due t o  self s h i e l d i n g  of  DoppLer broadened unresolved 
f 

resonances and based upon bo th  the  m u l t i l e v e l  and s i n g l e  l e v e l  formalisms.  

The comparison was made f o r  a n  energy of 1 keV, a f u e l  temperature o f  

3 0 0 ' ~  and a p o t e n t i a l  c r o s s  s e c t i o n  per  absorber  atom of 400 barns .  

Only t h e  = 0, S = 1 s t a t e  was cons idered .  A y = 10 resonance spac ing  

d i s t r i b u t i o n  was assumed w i t h  an average spac ing  <S> o f  3.33 eV f o r  

t h i s  a 3 3 ~ u  s t a t e .  

A random sampling procedure was used w i t h  40 resonances t o  r e p r e s e n t  

t h e  d i s t r i b u t i o n  of  neu t ron  wid th ,  f i s s i o n  wid th  and resonance spac ing .  

The r e s u l t s  o f  t h e  c a l c u l a t i o n s  axe summarized as fo l lows:  - - 
Uf ADf duflof - -  - 

Multilevel 5.98 0.87 0.145 

Single l e v e l  5.69 0.84 0.148 

The a v a l u e s  computed wi th  the use of m u l t i l e v e l  and s i n g l e  l e v e l  
f 

formalisms agree  w i t h i n  about 5%, and t h e  r a t i o s  nu ( r e p r e s e n t a t i v e  
f f  

of t h e  change due t o  t h e  Doppler e f f e c t )  agree  t o  w i t h i n  2%. It was 

concluded t h a t  t h e  m u l t i l e v e l  methods i n  t h e  unresolved resonance 

r e g i o n  would no t  markedly a l t e r  r e s u l t s  ob ta ined  with s i n g l e  l e v e l  

methods. 

Tne most comprehensive e v a l u a t i o n s  of t h e  m u l t i l e v e l  e f f e c t s  i n  t h e  

unresolved resonance r e g i o n  have been carr ied  out  f o r  h i g h l y  e n r i c h e d  

U% and PuO, rods  and r e p o r t e d  by Hwang (Reference 9 ) .  Six c a s e s  were 

cons idered  f o r  a 3 9 ~ u  and a l l  but  one of them involved t h e  J = 0 s t a t e ,  

f o r  which t h e  m u l t i l e v e l  i n t e r f e r e n c e  e f f e c t s  were be l ieved  t o  be much 

more impor tan t  than  t h e  J = 1 s t a t e  due t o  t h e  l a r g e  r a t i o  of t h e  

average t o t a l  width t o  t h e  l e v e l  spac ing .  (That i s ,  t h e  f r a c t i o n a l  

change i n  t h e  J = 0 c r o s s  s e c t  ions was expected t o  be much larger than 



t h e  f r a c t i o n a l  change f o r  t h e  J = 1 c r o s s  s e c t i o n .  The J = 1 c r o s s  

s e c t i o n  i s ,  of c o u r s e ,  much l a r g e r  than  t h e  J = 0 c r o s s  s e c t i o n . )  The 

number of f i s s i o n  channe ls  f o r  t h e  J = 0 s t a t e  was taken t o  be two f o r  

a l l  c a s e s  cons idered .  It was assumed t h a t  t h e  average parameters  and 

d i s t r i b u t i o n  f u n c t i o n s  were the  same f o r  b o t h  t h e  m u l t i l e v e l  and s i n g l e  

l e v e l  r e p r e s e n t a t i o n s .  

Changes i n  t h e  c a p t u r e  and f i s s i o n  c r o s s  s e c t i o n s  between 300' and 

750°K were computed ( f o r  J = 0 only)  and were found t o  be s i g n i f i c a n t .  

The  m u l t i l e v e l  Au 's were between 60 and 200% higher  than t h e  s i n g l e  
C 

l e v e l  A U ~ ' s ,  whereas t h e  m u l t i l e v e l  00 ' s  were about  20 t o  80% higher  
f 

t h a n  t h e  s i n g l e  Level v a l u e s .  The l a r g e r  magnitudes i n  ha, and hof do 

not  n e c e s s a r i l y  imply a l a r g e r  Doppler c o e f f i c i e n t .  Tab le  I g i v e s  t h e  

Doppler r e a c t i v i t y  ~ K / K  per  u n i t  f l u x  per  atom w i t h  an a r b i t r a r y  

ass igned  a d j o i n t  f l u x  of u n i t y  wi th  appropr . ie te  n o r m a l i z a t i o n s .  The 

t a b l e  i n c l u d e s  t h e  c o n t r i b u t i o n  of t h e  J = 1 s t a t e .  

TABLE I 

An I l l u s t r a t i v e  Example of AK/K per Unit  Flux per  

A t o m  f o r  a 3 9 ~ u  I n c l u d i n g  J = 1 (1.0 - 1.455 keV) 

The r e s u l t s  i n  Table X i n d i c a t e d  t h a t  even though the  magnitudes of 

f o r  t h e  J = 1 s t a t e  a r e  much l a r g e r  than  f o r  t h e  J = 0 s t a t e ,  
X X 

t h e  corresponding Doppler r e a c t i v i t i e s  a r e  of t h e  same order  of magnitude. 

The m u l t i l e v e l  e f f e c t  i n  t h i s  c a s e  i s  t o  reduce s l i g h t l y  t h e  Doppler 

r e a c t i v i t y .  Hwang concluded t h a t  t h e  m u l t i l e v e l  effects may become 

important  i n  Doppler r e a c t i v i t y  c a l c u l a t i o n s  i n  t h e  energy range  where 

t h e  c o n t r i b u t i o n  from t h e  J = 1 s t a t e  i s  smal l .  

SL 

ML 

AUC 

300 - 7 5 0 ' ~  

J = O  

0.0134 

0,0432 

AU f 

300 - 7 5 0 ~ ~  

J = 1  

0.2874 

0.2869 

J - 0  

0.0393 

0.0517 

AK /K 

Uni t  ~ l u x / A t o m  

J - 1  

0.1945 

0.1963 

J = O  

0.0625 

0.0565 

J = 1  

0.0879 

0.0920 



a 3 5 ~   calculation^ were a l s o  r e p o r t e d  by Hwang f o r  s e v e r a l  cases 

which used d i f f e r e n t  v a l u e s  of t h e  average f i s s i o n  width and v a r i o ~ i s  

numbers of f i s s i o n  channe ls  (an u n c e r t a i n t y ) .  The m u l t i l e v e l  v a l u e s  

of mX f o r  a  temperature change from 300° t o  7 5 0 ' ~  were found t o  be 

from 0  t o  50% l a r g e r  t h a n  t h e  corresponding s i n g l e  l e v e l  v a l u e s  depending 

upon t h e  assumptions b e i n g  used.  I n t e g r a l  c a l c u l a t i o n s  of t h e  Doppler 

e f f e c t  were n o t  c a r r i e d  o u t .  

The r e s u l t s  i n  Table  I i n d i c a t e  t h a t  t h e  c a p t u r e  c r o s s  s e c t i o n s  

based upon t h e  m u l t i l e v e l  e v a l u a t i o n  i s  l a r g e r  than  t h e  corresponding 

v a l u e  f o r  t h e  s i n g l e  l e v e l  e v a l u a t i o n .  However, d i s c r e p a n c i e s  i n  t h e  

f i s s i o n  c r o s s  s e c t i o n  a r e  no t  as s i g n i f i c a n t .  Hence, the  m u l t i l e v e l  

approach tends  t o  give a h i g h e r  c a p t u r e  t o  f i s s i o n  r a t i o .  The h igher  

a) v a l u e s  have a l s o  been r e p o r t e d  by Pennington and S a r g i s  (Reference 4) 

and a r e  summarized i n  Table I1 f o r  2 3 9 P ~  i n  t h e  energy range from 100 

t o  300 eV. 

TABLE 11 

M u l t i l e v e l  and S ing le  LeveL Resonance I n t e g r a l s  

f o r  2 3 9 ~ u  from 100 t o  300 eV 

- - 
I 

'tm = f m  - - 
Case (barns )  (barns )  w cyML /zSL 

J = O  SL 0.347 
ML 0.422 

0'0459 1.249t0.179 
8.107 0.0554 

SL 14.136 17.479 0.8442 1.019fo.018 TOTAL ML 14.231 17.278 0.8578 

The r e s u l t s  i n  Table II i n d i c a t e  a s i g n i f i c a n t  change i n  t h e  J = 0 

a l p h a .  However, s i n c e  almost  a l l  t h e  c a p t u r e  involves  t h e  J = 1 resonances ,  

t h e  t o t a l  m u l t i l e v e l  was o n l y  , 2% higher  t h a n  t h e  s i n g l e  l e v e l  v a l u e .  

S i m i l a r  c a l c u l a t i o n s  were a l s o  performed by Pennington and S a r g i s  

f o r  a 3 5 ~ .  These caLcula t ions  gave ryML/aSL 1.07.  It was concluded that 



m u l t i l e v e l  e f f e c t s  on resonance i n t e g r a l s  were no t  s u f f i c i e n t l y  l a r g e  

t o  j u s t i f y  t h e  use of m u l t i l e v e l  formulae i n  p lace  of s impler  s i n g l e  

level  formulae i n  r e a c t o r  phys ics  c r o s s  s e c t i o n  codes .  

C. A Comparison of Cross S e c t i o n  S h i e l d i n g  F a c t o r s  f o r  I r o n  

I r o n  i s  t h e  on ly  m a t e r i a l  i n  t h e  ENDF f i l e s  which h a s  been s p e c i f i e d  

by bo th  m u l t i l e v e l  and s i n g l e  l e v e l  parameters .  That i s ,  the ENDF/B-11 

v e r s i o n  of i r o n  was d e s c r i b e d  by s i n g l e  l e v e l  parameters  and "smooth" 

background c r o s s  s e c t i o n s  whereas t h e  ENDF/B-111 i r o n  was d e s c r i b e d  w i t h  

m u l t i l e v e l  parameters .  S c a t t e r i n g  c r o s s  s e c t i o n  s h i e l d i n g  f a c t o r s  have 

been determined f o r  t h e  two v e r s i o n s  of i r o n  from ETOX c a l c u l a t i o n s [ l l  'la) 

and a r e  compared i n  Table 111 f o r  two d i f f e r e n t  energy ranges .  The 

s h i e l d i n g  f a c t o r s  a r e  t a b u l a t e d  a s  a  f u n c t i o n  of t h e  "o ther  m a t e r i a l "  

c r o s s  s e c t i o n ,  D ~ ,  and a r e  d e f i n e d  a s :  

where Q (m)> i s  t h e  average i n f i n i t e l y  d i l u t e  s c a r r e r i n g  cross s e c t i o n  over  

the energy range of i n t e r e s t ,  and t h e  o t h e r  terms have t h e  u s u a l  meanings. 

T A B U  111 

M u l t i l e v e l  and S i n g l e  Level S c a t t e r i n g  Cross  S e c t i o n  

S h i e l d i n g  F a c t o r s  f o r  I r o n  

Group* u s b )  lo3  l o 2  lo1 lo0  lo-I - - - - - 
1 ML 20.903 0.977 0.846 0.603 0.487 0.462 
1 S L  20.187 0.978 0.854 0.624 0.525 0.508 

*GROUP 1: 25.5 t o  40.9 keV. 
GROUP 2 :  5 . 5  t o  9 . 1  keV. 



The agreement between the  m u l t i l e v e l  and s i n g l e  l e v e l  s h i e l d i n g  

f a c t o r s  i s  v e r y  good. T h i s  i s  probably not t o o  s u r p r i s i n g  s i n c e  t h e  

s i n g l e  leve 1 e q u a t i o n  inc ludes  the "smooth" background. The important  

q u e s t i o n s  should probably be (a) how many data  p o i n t s  a r e  r e q u i r e d  t o  

adequa te ly  r e p r e s e n t  t h e  "smooth" e f f e c t ,  and (b) how do we t r e a t  

"smooth" d a t a  t h a t  i s  v e r y  s h a r p l y  peaked. A t  any r a t e ,  f o r  t h e  i r o n  

example g i v e n  i n  Table  111, t h e  differences i n  resonance t rea tment  

appear  t o  be n o t  t o o  impor tan t .  

IV. SUMMARY AND CONCLUSIONS 

Comparisons of t h e  m u l t i l e v e l  and s i n g l e  l e v e l  resonance t rea tment  

f o r  r e a c t o r  a p p l i c a t i o n s  have not  i ~ d i c a t e d  s i g n i f i c a n t  d i f f e r e n c e s .  

There i s  some ev idence  t h a t  she m u l t i l e v e l  e f f e c t  on t h e  a 3 6 ~  Doppler 

may be l a r g e .  However, changes i n  t h e  a 3 3 ~ u  Doppler e f f e c t  were found 

t o  be smal l .  The m u l t i l e v e l  e q u a t i o n s  do complicate  t h e  t echniques  

f o r  computing t h e  Doppler broadened c r o s s  s e c t i o n s .  Only t h e  Adler-Adler 

approach u t i l i z e s  t h e  s t a n d a r d  4 and x f u n c t i o n s  and f o r  t h i s  reason  

t h e r e  i s  a tendency t o  f a v o r  t h i s  t echnique  should t h e  m u l t i l e v e l  

formalism be deemed necessary .  

There a r e  some comparisons t h a t  i n d i c a t e  t h a t  t h e  use of m u l t i l e v e l  

equa t ions  may resul t :  i n  s l i g h t l y  l a r g e r  a39 PU a l p h a  v a l u e s .  However, 

t h e  comparisons have no t  t aken  i n t o  account  t h e  energy  dependence of t h e  

unresolved resonance parameters  which a r e  now be ing  used i n  t h e  ENDF 

f i l e s  and it i s  not  c l e a r  how t h e  resonance t rea tment  a f f e c t s  t h e  c r o s s  

s e c t i o n  s h i e l d i n g  f a c t o r s .  The only  d i r e c t  comparison of m u l t i l e v e l  

and s i n g l e  l e v e l  s h i e l d i n g  f a c t o r  e f f e c t s  has  been f o r  t h e  s c a t t e r i n g  

c r o s s  s e c t i o n  of  i r o n  and the  d i f f e r e n c e s  were found t o  be unimportant .  

Probably the b i g g e s t  o b j e c t i o n s  t o  t h e  comparisons of m u l t i l e v e l  

and s i n g l e  l e v e l  formalisms have been t h e  c o n s i s t e n t  use of t h e  same 

resonance parameters  and d i s t r i b u t i o n  f u n c t i o n s  i n  t h e  unreso lved  range .  

T h i s  h a s ,  expec ted ly  , l e d  t o  d i f f e r e n t  group averaged c r o s s  s e c t i o n s .  

A meaningful  comparison should beg in  w i t h  resonance parameters  which 

can be used t o  genera te  t h e  same i n f i n i t e l y  d i l u t e  c r o s s  s e c t i o n s .  



It i s  concluded t h a t  the  comparisons t o  da t e  have been i ncons i s t en t  

and a r e  inconclusive i n  demonstrat ing or  d i s p e l l i n g  the  need f o r  mul t i -  

l e v e l  formalisms. 

One f i n a l  po in t  concerns the  use of pre-processed da t a .  The degree 

of oppos i t ion  by the  r e a c t o r  des igners  t o  pu t t i ng  more e l abo ra t e  

resonance t rea tments  i n  the  ENDF f i l e s  and t he  use of mu l t i l eve l  

formalisms w i l l  depend upon the  success of any pre-processing and d i s t r i -  

bu t ion  scheme. I f  t he  ENDF d a t a  i s  c e n t r a l l y  processed fo r  both core  

and sh i e ld ing  a p p l i c a t i o n s ,  i f  t he  processing codes a r e  modular and kept  

c u r r e n t  with ENDF/B and i f  a successfu l  d i s t r i b u t i o n  scheme i s  e s t ab l i shed  

then  the  conserva t ive  s tance  of the  des igners  w i l l  s h i f t  from the  ENDF 

f i l e s  t o  t he  pre-processor output .  I n  t he  f i n a l  a n a l y s i s ,  it appears 

t h a t  r e a c t o r  app l i ca t i ons  would f a r e  b e s t ,  f o r  t he  near  term, with 

e s s e n t i a l l y  no changes i n  t h e  resonance treatment used i n  ENDF/B-111. 
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1. I n t r o d u c t i o n  

To d e r i v e  maximum b e n e f i t  from Monte C a r l o  r e a c t o r  c r i t i c a l i t y  and 

s h i e l d i n g  c a l c u l a t i o n s ,  one should use c r o s s  s e c t i o n  d a t a  s e t s  which 

a r e  p r o p e r t i e s  of t h e  i n d i v i d u a l  i s o t o p e s ,  r a t h e r  than  group averaged s e t s .  

Throughout most of the p e r t i n e n t  energy ranges  t h i s  c a n  be a'ccomplished by 

u s i n g  p o i n t  c r o s s  s e c t i o n  d a t a  w i t h  energy g r i d s  t a i l o r  made f o r  each  

i s o t o p e .  

However, development of a s u i t a b l e  method f o r  producing such d a t a  

s e t s  i n  t h e  unreso lved  resonance energy range which could be con ta ined  

e n t i r e l y  w i t h i n  t h e  c o n f i n e s  of even t h e  l a r g e s t  computers ,  i s  a d i f f i c u l t  

problem. Up t o  now, two methods have been a v a i l a b l e :  

1 )  Genera t ion  o f  a  p o i n t  c r o s s  s e c t i o n  d a t a  s e t  based on a  l adder  

of pseudo-resolved resonances  s e l e c t e d  randomly from known 

average parameters  and s t a t i s t i c a l  laws. 

2)  Genera t ion  of p o i n t  c r o s s  s e c t i o n s  d u r i n g  t h e  Monte C a r l o  

c a l c u l a t i o n s ,  as needed, from s t o r e d  average  parameters .  

The f i r s t  method i s  h a r d l y  f e a s i b l e  i n  view of  t h e  enormous s t o r a g e  

requ i rements ,  and fur thermore  would produce r e s u l t s  based on on ly  one l a d d e r .  

As an example l e t  us  look a t  t h e  p o i n t  d a t a  s t o r a g e  requ i rements  f o r  239F'~.  

The unresolved energy range  i s  from 300-25000 eV. Approximately 33000 

resonances e x i s t  i n  t h i s  range.  To d e s c r i b e  each resonance adequa te ly  

would r e q u i r e  about 8 p o i n t s  per  resonance ,  f o r  each  of t o t a l ,  s c a t t e r i n g ,  

and f i s s i o n  c r o s s  s e c t i o n s  and t h e  cor responding  energy.  T h i s  amounts t o  

about  one m i l l i o n  words of computer s t o r a g e  t o  c o n t a i n  one cont inuous  po in t  

d a t a  s e t  based on only one ladder.  



The second method would r e q u i r e  t o o  much computation time i n  f a s t  

r e a c t o r  c a l c u l a t i o n s  s i n c e  t h e  neu t rons  would spend a s i g n i f i c a n t  f r a c t i o n  of 

t h e i r  l i f e  i n  t h i s  energy  range  and each such c a l c u l a t i o n  i s  q u i t e  l eng thy  

i f  one c o n s i d e r s  i n t e r f e r e n c e  e f f e c t s  and u s e s  resonances of a l l  A ,  J v a l u e s .  

We a r e  proposing a  new approach which we s h a l l  c a l l  t h e  p r o b a b i l i t y  

t a b l e  method. 

2 .  The P r o b a b i l i t y  Table Method 

The b a s i c  i d e a  i s  t o  r e p r e s e n t  t h e  neu t ron  c r o s s  s e c t i o n  a t  a given  

energy ,  no t  by a unique va lue ,  u(E), obtained from t a b l e  i n t e r p o l a t i o n  o r  

resonance formulae,  b u t  by a d i s t r i b u t i o n  f u n c t i o n  whose mean v a l u e  i s  t h e  

i n f i n i t e  d i l u t i o n  smooth average v a l u e  ;(E) . These d i s t r i b u t i o n  f u n c t i o n s ,  

i n  the  t a b u l a r  form in which t h e y  appear  i n  a d a t a  s e t ,  a r e  known a s  c r o s s  

s e c t i o n  p r o b ~ b i l i t y  t a b l e s .  

They a r e  genera ted  from p o i n t  d a t a  s e t s  ob ta ined  from l a d d e r s  produced 

about a  smal l  energy range ,  s u f f i c i e n t  t o  c o n t a i n  50 t o  100 resonances ,  

i n s u r i n g  an adequate sampling o f  resonance i n t e r f e r e n c e  and o v e r l a p  e f f e c t s  

w h i l e  p revent ing  s i g n i f i c a n t  v a r i a t i o n  i n  t h e  energy dependent average 

parameters.") The t a b l e  s i z e  i s  dependent mainly on t h e  a p p l i c a t i o n .  

I n  VIM(*) a  t a b l e  s i z e  of  10 appears q u i t e  adequate.  These t a b l e s  a r e  

d i s t r i b u t e d  through t h e  unresolved energy range of a g iven  i s o t o p e  and used 

i n  the  i n t e r v a l s  conta in ing  t h e  e n e r g i e s  a t  which the  t a b l e s  were produced. 

The number of t a b l e s  r e q u i r e d  f o r  a  g i v e n  i s o t o p e  i s  governed by t h e  observec 

change i n  t h e  t a b l e s  as a  f u n c t i o n  of energy.  T h i r t y  t a b l e s  a r e  s u f f i c i e n t  

e x c e p t  where t h e r e  is  s ig in f i can t  v a r i a t i o n  i n  the average  parameters .  Such 

a s e t  r e q u i r e s  only 1230 s t o r a g e s  i n  V I M .  

The e n t r i e s  t o  t h e  t a b l e  6 P ) a r e  d e f i n e d  a s  f o l l o w s .  Le t  t h e r e  
J '  J 

be  a  Se t  of o J ' s ,  J=1, N ,  such t h a t  a > u ~ - ~ ,  a1 1 uMIN, t h e  lowest  v a l u e  



of u(E) between Eo and EM, and uN 2 am. t h e  h i g h e s t  value of  a(E) i n  this 

energy range. Let 

M M 

M I N  i= 1 

and l e t  each u(E ), 15 i j M-1, be e q u a l  t o  one of t h e  u ' 
i s .  F i g u r e  1 

shows t y p i c a l  po in t  c r o s s  s e c t i o n  d a t a  g e n e r a t e d  from a Ladder of pseudo- 

reso lved  resonances .  One can s e e  t h a t  I w o u l d  s imply b e  the area under 
i 

t h e  curve  from E 
(i- 1 )  

t o  Ei. I n  t h e  example d e p i c t e d ,  O [ E ( ~ - , > ]  = a4, (J=4) ,  

w h i l e  u(Ei) and u [ E ( ~ + ~ ~ ]  = u3.  Then D ~ - ~  5 u(E) 5 u w i t h  p r o b a b i l i t y  
J 

M 

h E i  6iJI(~EIAX - EMIN) where AEi  = Ei - Ei-l ,  and 

\ 0 otherwise .  

The p r o b a b i l i t y  t h a t  t h e  c r o s s  s e c t i o n  Lies  below o i s  then J 

whi le  a J 

i= l 

r e p r e s e n t s  t h e  mean v a l u e  of the cross s e c t i o n  between o and oJ. 
J-1 

The probability table  method assumes t h a t  t h e  resonance e n e r g i e s  are 

so  c l o s e  t o g e t h e r  t h a t  the neut ron  e n t e r s  a resonance randomly, and t h a t  

t h e  resonances are s u f f i c i e n t l y  narrow t o  ignore  successive c o l l i s i o n s  i n  

t h e  same resonance.  



3 .  P r e p a r a t i o n  of t h e  Tables  

I n  t h e  p r e p a r a t i o n  of c r o s s  s e c t i o n  p r o b a b i l i t y  t a b l e s  t h e  fo l lowing  

sequence of o p e r a t i o n s  i s  observed: 

1. An i n d i v i d u a l  l adder  of resonances i s  prepared i n  t h e  p r e s c r i b e d  

energy r e g i o n  from known s t a t i s t i c a l  laws and average  parameters .  

2 .  T h i s  i n d i v i d u a l  l adder  i s  used t o  g e n e r a t e  a  p o i n t  d a t a  s e t .  

A t  t h i s  t ime t h e  c o n t r i b u t i o n s  t o  a  p r o b a b i l i t y  t a b l e  a r e  computed and 

e n t e r e d  i n t o  a t a b l e  a t  each of t h e  d e s i r e d  tempera tures .  T h i s  e n t i r e  

p rocess  is  t h e n  r e p e a t e d  over a s  many l a d d e r s  a s  a r e  deemed a p p r o p r i a t e .  

The d e t a i l s  perhaps r e q u i r e  f u r t h e r  e x p l a n a t i o n .  S t a r t i n g  w i t h  a  

g i v e n  p o i n t  d a t a  s e t  p repared  from a  l a d d e r  of resonances ,  we have a t  any 

g i v e n  energy  i n  t h e  s e t  a t o t a l ,  s c a t t e r i n g ,  c a p t u r e ,  and p o s s i b l y ,  a  f i s s i o n  

c r o s s  s e c t i o n .  One o f  t h e s e ,  u s u a l l y  t h e  t o t a l ,  i s  chosen a s  t h e  b a s i s  f o r  

c o n s t r u c t i n g  a  t a b l e .  A s e t  of t o t a l  c r o s s  s e c t i o n  magnitudes i s  c o n s t r u c t e d  

t o  s e r v e  a s  band l i m i t s ,  monotonical ly i n c r e a s i n g .  These may be e r e c t e d  

a r b i t r a r i l y ,  but a t  p r e s e n t  s t a r t  a t  some v a l u e  above t h e  minLmum observed 

2 c r o s s  s e c t i o n  and fo l low a  geometr ic  p r o g r e s s i o n ,  i . e . ,  ul, ku l ,  k uL, e t c .  

where k i s  a  c o n s t a n t  such a s  1 . 5  o r  1 .15,  depending on the  degree  of d e t a i l  

r e q u i r e d  of t h e  t a b l e .  Assume f o r  t h e  moment t h a t  our  p o i n t  d a t a  s e t  c o n s i s t s  

of a  l a r g e  number of e q u a l l y  spaced p o i n t s  t o  which we a s s i g n  equa l  p r o b a b i l i t y  

The a c t u a l  s e t  may not  be s o  spaced but  such a  s e t  can be ob ta ined  by i n t e r -  

p o l a t i o n ,  o r  a  numerical  i n t e g r a t i o n  scheme can be employed. The assumption 

of e q u a l l y  probable p o i n t s  i s  b e s t  f o r  i l l u s t r a t i v e  purposes.  For each 

p o i n t  i n  t h e  s e t ,  the  t o t a l  c r o s s  s e c t i o n  i s  e n t e r e d  i n  t h e  band wi th  

a p p r o p r i a t e  magnitude l i m i t s .  S imul taneous ly ,  a  counte r  ass igned  t o  t h a t  

band i s  advanced by u n i t y .  A t  t h e  same t ime,  i n  a p p r o p r i a t e  r e g i s t e r s  w i t h  

t h e  s a w  band number, t h e  cor responding  v a l u e s  of s c a t t e r i n g ,  c a p t u r e  



and f i s s i o n  c r o s s  s e c t i o n s  a r e  e n t e r e d .  When a l l  p o i n t s  of t h e  d a t a  s e t  

have been e n t e r e d  we have t h e  fo l lowing  in format ion :  The average v a l u e  

of t h e  t o t a l  c r o s s  s e c t i o n  i n  each  band of monotonical ly i n c r e a s i n g  magnitude, 

ob ta ined  by d i v i d i n g  t h e  sum o f  t h e  c r o s s  s e c t i o n  e n t r i e s  i n  each  band by 

t h e  number of e n t r i e s  i n  t h a t  band. Average c r o s s  s e c t i o n s  f o r  t h e  o t h e r  

r e a c t i o n s  a r e  s i m i l a r l y  ob ta ined .  The p r o b a b i l i t y  ass igned  t o  t h e  band i s  

ob ta ined  by d i v i d i n g  t h e  number of e n t r i e s  i n  a  g iven  band by t h e  t o t a l  

number of e n t r i e s  i n  a l l  bands. Not ice  t h a t  i n  t h i s  way, on ly  t h e  t o t a l  

c r o s s  s e c t i o n  band averages  need be monotonical ly i n c r e a s i n g .  The o t h e r  

r e a c t i o n  c r o s s  s e c t i o n  band averages  a r e ,  i n  f a c t ,  t h e  c o n d i t i o n a l  averages  

cor responding  t o  t h e i r  r e s p e c t i v e  t o t a l  c r o s s  s e c t i o n  band averages .  Should 

they  be observed t o  be a l s o  monotonical ly i n c r e a s i n g ,  n o t e  t h a t  t h i s  is a  

consequence of t h e  s p e c i f i c  d a t a  and n o t  t h e  r e s u l t  of a  real ignment  of t h e  

p r o b a b i l i t y  bands t o  be monotonical ly i n c r e a s i n g  f o r  a l l  r e a c t i o n  c r o s s  

s e c t i o n s .  

When, i n  a Monte C a r l o  c a l c u l a t i o n ,  t h e  c r o s s  s e c t i o n  of a n  i s o t o p e  i n  

i t s  unresolved range is  needed, i t  i s  ob ta ined  by a  random s e l e c t i o n  from 

t h e  a p p r o p r i a t e  p r o b a b i l i t y  t a b l e  a s  fo l lows:  
- 

S e l e c t  a  random number, 0 < r < 1, and s e t  o ( E )  = uJ,  where 

PJ-l < L P j .  

I n  a c t u a l i t y  we s e l e c t  not  only t h e  t o t a l  c r o s s  s e c t i o n  but  t h e  s c a t t e r i n g ,  
- 

f i s s i o n ,  and c a p t u r e  c r o s s  s e c t i o n s  a s s o c i a t e d  w i t h  o s imul taneous ly .  I n  
J '  

t h i s  way t h e  t o t a l  and a l l  r e a c t i o n  c r o s s  s e c t i o n s  a r e  c o r r e l a t e d  a t  every  

neu t ron  c o l l i s i o n .  

4.  A T e s t  Problem 

To e s t a b l i s h  t h e  v a l i d i t y  of t h e  method a  t e s t  program was s e t  up  us ing  

t h e  AIRABL code.  AIRABL i s  a  modif ied v e r s i o n  of   RABBLE'^) which can o b t a i n  



e f f e c t i v e  c r o s s  s e c t i o n s  u s i n g  p r o b a b i l i t y  t a b l e s  a s  wel l  a s  p o i n t  d a t a .  

S ince  a  g iven  p r o b a b i l i t y  t a b l e  i s  based on s e v e r a l  l a d d e r s  genera ted  i n  

t h e  p r e s c r i b e d  energy range ,  t h e  accuracy  of t h e  method can be t e s t e d  by 

comparing the mean e f f e c t i v e  cross s e c t i o n s  ob ta ined  f o r  a given problem 

us ing  p o i n t  d a t a  s e t s  from each of  s e v e r a l  l a d d e r s  w i t h  those  ob ta ined  from 

s e v e r a l  t r i a l s  us ing  a p r o b a b i l i t y  t a b l e  based on t h e s e  same p o i n t  d a t a  s e t s .  

E f f e c t i v e  c a p t u r e  and s c a t t e r i n g  c r o s s  s e c t i o n s  f o r  three i s o t o p e s  i n  

problems emphasizing d i f f e r e n t  p o r t i o n s  of t h e i r  unresolved energy ranges  

are shown i n  T a b l e  I. I n  each c a s e ,  t h e  means were obfa ined  from t h i r t y  

samples of each method. ( 4 )  

The means based on t h e  p r o b a b i l i t y  t a b l e  method were i n  s t a t i s t i c a l .  

agreement w i t h  t h e i r  cor responding  means from t h e  p o i n t  d a t a  set c a L c u l a t i o n s  

While most of t h e  c a l c u l a t i o n s  were performed u s i n g  a t a b l e  s i z e  of 45, no 

a p p r e c i a b l e  l o s s  i n  q u a l i t y  was observed us ing  a t a b l e  s i z e  of 10.  

The s u c c e s s  of t h e  method i n  p r e d i c t i n g  e f f e c t i v e  c r o s s  s e c t i o n s  i n  

bo th  Monte C a r l o  and a n a l y t i c a l  c a l c u l a t i o n s  now permi t s  f u l l  energy range 

neu t ron  d a t a  s e t s  t o  be  independent of geometry and composi t ion wi thout  

r e q u i r i n g  i n o r d i n a t e l y  l a r g e  b locks  of computer s t o r a g e .  P r o b a b i l i t y  t a b l e s ,  

t h e r e f o r e ,  cou ld  s e r v e  a s  a s t a n d a r d  way of r e p r e s e n t i n g  neu t ron  c r o s s  s e c t i o  

i n  t h e  unresolved energy range.  
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APPLICATION OF THE PROBABILITY TABLE METHOD 

TO MULTI-GROUP CALCULATIONS 

by 

Dermott E .  CuIlen 

May 1972 

Consider t h e  Sinear neut ron  Boltzmann equa t ion :  

Multi-Group 

I n  t h e  mult i-group approach t h e  continuous energy range i s  divided i n t o  a  

number of ad jacent  i n t e r v a l s :  E l  < E 2  < Eg - -  < EKmax. Equation (I) i s  i n t e g r a t e d  

over each energy range and d iv ided  by t h e  width of t h e  group t o  d e f t n e  group 

averaged q u a n t i t i e s  : 

hl 

where by d e f i n i t i o n :  

(g roup  averaged f l u x )  

E ~ + l  
( ; I , E ) N F , E , E ) ~ E / ( E ~ + ~  - E  K ) (group averaged c r o s s  s e c t i o n s )  (4 )  

K 

(group averaged t r a n s f e r  mat r ix)  

* In  p r a c t i c e  t h e  angular  v a r i a b l e  i s  e l imina ted  by one of a  number of a v a i l a b l e  
methods. It has been c a r r i e d  a long  t o  s i m p l i f y  t he  e q u a t i o n s  and t o  i n d i c a t e  t h e  
r e s u l t s  of t h i s  paper a r e  independent of t h e  t rea tment  of the angular  v a r i a b l e .  



Multi-Group, Multi-Band 

The multi-group approach a s  def ined  above i s  of course  not  t h e  only approach 

t o  d e f i n i n g  group averages .  I n  many a p p l i c a t i o n s  Equation (1) i s  f i r s t  mul t i -  

p l i e d  by a  f u n c t i o n  f (E)  before  performing the  i n t e g r a t i o n  over t h e  group.  I n  

t h i s  way i t  i s  p o s s i b l e  t o  change t h e  v a r i a b l e  from t h e  f l u x  N(;,E,E) t o  

- - 
f (E)N(r ,n,E): e .  g .  , i n  dose c a l c u l a t i o n s ,  h e a t i n g  c a l c u l a t i o n s ,  e t c .  However, 

i n  most a p p l i c a t i o n s  f(E) is  continuous and non-zero over any p o r t i o n  of t h e  group. 

Therefore ,  t h e  group i s  s t i l l  t r e a t e d  a s  a  s i n g l e  e n t i t y  and t h e  number of mul t i -  

group equa t ions  obtained by t h i s  approach would be t h e  same a s  i n  the  case  of t h e  

mult i-group approach a s  def ined  by Equations (2) through ( 5 ) .  

However, it i s  a l s o  p o s s i b l e  t o  f u r t h e r  sub-divide one or  more groups 

accord ing  t o  ranges  of t h e  t o t a l  c r o s s  s e c t i o n  (o ther  c r i t e r i a  a r e  of course  

a l s o  p o s s i b l e ) .  The r e s u l t i n g  a lgor i thm has t h e  d e s i r a b l e  proper ty  t h a t  t h e  

r e s u l t i n g  equa t ions  can be c a s t  i n  a  form t h a t  i s  i d e n t i c a l  t o  t h e  mult i-group 

equa t ions  and the average f l u x  and t h e  input  d a t a  (averaged c r o s s  s e c t i o n s  and 

t r a n s f e r  mat r ix)  can  be  simply r e l a t e d  r o  t h e  corresponding group averaged 

q u a n t i t i e s .  Therefore e x i s t i n g  t r a n s p o r t  codes can be used simply by preprocess ing  

t h e  i n p u t  d a t a  and c o r r e c t l y  i n t e r p r e t i n g  t h e  f l u x  output. 

Defining a number of p a r t i t i o n  f u n c t i o n s  i n  each group (K) which a r e  one (1) 

w i t h i n  a  g iven  c r o s s  s e c t i o n  range and z e r o  (0) o u t s i d e  of t h i s  range :  

*Note t h a t  the p a r t i t i o n  f u n c t i o n s  pKL(E) a r e  a l s o  f u n c t i o n s  of space and vary 
f r o m  r e g i o n  t o  reg ion .  



where : 
'Kl= 

m i n ( q ( E ) )  EK 5 E  < E  
K+ 1 

some of t h e  p r o p e r t i e s  of t h e s e  p a r t i t i o n  f u n c t i o n s  a r e :  

1. The sum over  a l l  bands is  one (1) w i t h i n  t h e  group 

2 .  The i n t e g r a l  of one p a r t i t i o n  f u n c t i o n  over  t h e  group i s  merely t h e  

t h e  cumula t ive  p r o b a b i l i t y  of t h e  c r o s s  s e c t i o n  l y i n g  i n  t h e  band 

(P ) t imes  t h e  wid th  of t h e  group (EK+l - EK) 
KL 

3 .  Any i n t e g r a l  w e r  t h e  group can  be f u r t h e r  p a r t i t i o n e d  u s i n g  t h e s e  

p a r t i t i o n  f u n c t i o n s :  



I n  o rder  t o  d e r i v e  t h e  mult i-group,  multi-band equa t ions  t h e  l i n e a r  neutron 

Boltzmann e q u a t i o n  is  f i r s t  m u l t i p l i e d  by one of t h e  p a r t i t i o n  f u n c t i o n s  pKt(E), 

t h e  continuous energy range i s  d iv ided  i n t o  a  number of ad jacent  intervals: 

EL < E2 < Ej -- < EKmax, Equation (1) i s  i n t e g r a t e d  over each energy range and 

d iv ided  by t h e  width of the group t o  d e f i n e  group-band averaged q u a n t i t i e s :  

where by d e f i n i t i o n :  

KL 
~ , , ( E ) N ( ~ , ~ , E ) ~ E / ( E ~ + ~  - EK) (group-band averaged f l u x )  

EK 

- - 
%KL 

(;)aK,(r,o =lKE'+' P~~(E)~(~.E~N(;.~.E)~E/(E~+~ - EK) 

(group-band averaged c r o s s  s e c t i o n s )  

(group-band average transfer mat r ix)  

I n  t h e  d e f i n i t i o n  of t h e  group-band average t r a n s f e r  mat r ix ,  t h e  p a r t i t i o n i n g  

proper ty  def ined  by Equation (10) above has been used t o  f u r t h e r  sub-d iv ide  the 

i n t e s r a l  over t h e  source  group (M) i n t a  a sum of i n t e g r a l s  over the source  group- 

bands (MJ). 

E s s e n t i a l l y  sub-d iv id ing  one o r  more groups i n t o  c r o s s  s e c t i o n  bands a l lows  

t h e  f l u x  wLthin these groups  t o  i n t e r a c t  not  wi th  merely one c r o s s  s e c t i o n  a s  i n  

the  mult i-group approach but  wi th  any number of c r o s s  s e c t i o n s ,  p roper ly  weighted 



a c c o r d i n g  t o  t h e  p r o b a b i l i t y  of t h e s e  c r o s s  s e c t i o n s  o c c u r r i n g  w i t h i n  t h e  group.  

The e f f e c t  of t h i s  approach i s  t h a t  f a i r l y  broad groups can  be used b u t  s i n c e  t h e  

p o p u l a t i o n  of each band ( i . e . ,  f l u x  i n t e r a c t i n g  i n  each  c r o s s  s e c t i o n  band) i s  

a l lowed t o  v a r y  a s  a  f u n c t i o n  of p o s i t i o n ,  t h e  r e s u l t i n g  "group" averaged c r o s s  

s e c t i o n s  (based upon r e a c t i o n  r a t e s )  can  v a r y  a s  a  f u n c t i o n  of p o s i t i o n .  

Furthermore,  s i n c e  t h e  we igh t ing  f u n c t i o n  which i s  used t o  d e f i n e  t h e  band averaged 

c r o s s  s e c t i o n  and t r a n s f e r  m a t r i x  i s  n o t  t h e  group f l u x  bu t  r a t h e r  t h e  f l u x  on ly  

w i t h i n  t h e  c r o s s  s e c t i o n  band, s e l f - s h i e l d i n g  e f f e c t s  due t o  c r o s s  s e c t i o n  

v a r i a t i o n  a r e  minimized. 

However, t h e  a p p l i c a b i l i t y  of  t h i s  method depends upon t h e  a b i l i t y  t o  

a c t u a l l y  c a l c u l a t e  t h e  group-band c r o s s  s e c t i o n s  and t r a n s f e r  m a t r i x  and t o  

r e l a t e  t h e  r e s u l t i n g  group-band averaged f l u x  t o  t h e  group averaged f l u x .  

It w i l l  be shown t h a t  t h e  group averaged  f l u x  t e  merely t h e  sum of t h e  

group-band averaged f l u x e s  over  a l l  bands w i t h i n  t h e  group.  It w i l l  f u r t h e r  

be shown t h a t  t h e  group-band c r o s s  s e c t i n n s  can be s imply r e l a t e d  t o  t h e  

p r o h a b i l i c y  t a b l e  and t h a t  a t  l e a s t  i n  t h e  unreso lved  energy  range  t h e  group- 

band t r a n s f e r  m a t r i x  can  be  s imply r e l a t e d  Co t h e  group t r a n s f e r  m a t r i x  and t h e  

p r o b a b i l t i y  t a b l e .  

To i l l u s t r a t e  how t o  d e f i n e  t h e  group averaged f l u x  i n  terms of t h e  group- 

band averaged f l u x e s  c o n s i d e r  t h e  d e f i n i t i o n  of t h e  group averaged f l u x  d e f i n e d  

by Equa t ion  ( 3 )  and t h e  p a r t i t i o n i n g  p r o p e r t y  d e f i n e d  by Equa t ion  (10): 

o r  upon employing t h e  d e f i n i t i o n  of t h e  group-band averaged f l u x  (Equa t ion  (11) ) :  

L 

T h e r e f o r e ,  t h e  group averaged f l u x  i s  merely t h e  sum of  t h e  group-band averaged 

f l u x e s  over  a l l  bands i n  t h e  group.  



S i m i l a r l y  from t h e  d e f i n i t i o n  of t h e  t o t a l  r e a c t i o n  r a t e s  w i t h i n  t h e  group 

a s  a  whole (Equa t ion  (4)) and t h e  r e a c t i o n  r a t e s  w i t h i n  t h e  i n d i v i d u a l  bands 

(Equat ion (12)): 

Once a  s o l u t i o n  t o  a problem i s  o b t a i n e d ,  Equa t ions  (15) and (16) may be  

used t o  d e f i n e  an e q u i v a l e n t  g roup  averaged c r o s s  s e c t i o n .  S i n c e  t h e  p o p u l a t i o n  

of t h e  i n d i v i d u a l  bands a r e  s p a t i a l l y  dependent  t h e  r e s u l t i n g  group averaged 

c r o s s  s e c t i o n  can a l s o  he s p a t i a l l y  dependent 

I n  o r d e r  t o  d e f i n e  t h e  group-band averaged  c r o s s  s e c t i o n s ,  one cou ld  s imply 

choose a median v a l u e  of t h e  c r o s s  s e c t i o n  w i t h i n  t h e  band (1 /2 (% + 
KL 'KLtL)) '  

T h i s  c h o i c e  infers t h a t  a l l  c r o s s  s e c t i o n  v a l u e s  a r e  e q u a l l y  p robab le  w i t h i n  t h e  

band. However, s i n c e  t h e  p r o b a b i l i t y  t a b l e  method s u p p l i e s  t h e  t r u e  d i s t r i b u t i o n  

of t o t a l  c r o s s  s e c t i o n s  w i t h i n  t h e  group it can  be used t o  d e f i n e  a  mote a c c u r a t e  

average  c r o s s  s e c t i o n  f o r  t h e  band 

where p ( ) and PKL a r e  merely t h e  p a r t i a l  and cumula t ive  p r o b a b i l i t i e s  of t h e  
K % 

c r o s s  s e c t i o n  l y i n g  between and 7 . 
However, t h i s  approach i g n o r e s  effects of the f l u x  a s  a  w e i g h t i n g  f a c t o r  i n  

t h e  d e f i n i t i o n  of t h e  c r o s s  s e c t i o n :  b o t h  local  e f f e c t s  ( i . e . ,  l / q ( E ) )  and 

con t inuous  t rends  ( i . e . ,  1 / E ) .  I n  p r i n c i p l e ,  f o r  wide groups t h e  1 / E  we igh t ing  



.- 

can be s i g n i f i c a n t ,  however, i n  p r a c t i c e  i n  t h e  unresolved r e g i o n  one has 

s u f f i c i e n t  mixing of t h e  c r o s s  s e c t i o n  v a l u e s  over t h e  e n t i r e  group t o  v i r t u a l l y  

e l i m i n a t e  t h e  i n f l u e n c e  of t h e  1 / E  f a c t o r  ( i . e . ,  t h e  1 / ~  f a c t o r  w i l l  change 

averages over t h e  group only  i n  t h e  c a s e  where t h e  s t a t i s t i c a l  d i s t r i b u t i o n  of 

c r o s s  s e c t i o n s  i s  s i g n i f i c a n t l y  v a r y i n g  as a  f u n c t i o n  of B ) .  However, i f  one 

wishes t o  e l i m i n a t e  t h e  e f f e c t  of t h e  ~ I E ,  cons ider  us ing  l e t h a r g y  u n i t s  i n s t e a d  

of energy.  

I n  cons ider ing  t h e  f l u x  a s  a  weighting f u n c t i o n  i n  t h e  d e f i n i t i o n  of t h e  

group-band c r o s s  s e c t i o n s  and t r a n s f e r  m a t r i c e s  once c o n s i d e r a t i o n  of t h e  1 / E  
- - 

f a c t o r  i s  e l imina ted  t h e  r e s u l t i n g  approximate weighting f u n c t i o n  N(r,D,E) may 

be considered i n  t h e  form N ( T , E , ~ )  and i n s t e a d  of cons ider ing  t h e  i n t e g r a l s  i n  

t h e  q ( E )  v s .  E plane one can use  t h e  p (7 ) v s .  Cp plane (where p ( ) is t h e  
K 9 K =i 

p a r t i a l  p r o b a b i l i t y  of o b t a i n i n g  a cross s e c t i o n  i n  the  K-th group) .  



The i n c l u s i o n  of a l/r weighting f o r  t h e  f l u x  i n  t h e  d e f i n i t i o n  of t h e  T 

band c r o s s  s e c t i o n s  i s  s imple i n  t h i s  pIane: 

However i n  p r a c t i c e  s i n c e  t h e  i n t e g r a l  of the  f l u x  (weighting f u n c t i o n )  

is only  over bands of c r o s s  s e c t i o n  t h e  I/% f a c t o r  does not  p l a y  as important  

a r o l e  a s  i n  the  case  of mult i-group c a l c u l a t i o n s  where t h e  i n t e g r a t i o n  i s  over 

a l l  c r o s s  s e c t i o n  v a l u e s  w i t h i n  the  group.  

I n  summary i n  order t o  d e f i n e  the group-band c r o s s  s e c t l o n s  one can inc lude  

t h e  in f luence  of t h e  f l u x  a s  a weighting f u n c t i o n  t o  compensate f o r  1 / ~  and 

l / & ( E )  ef fects ,  however, i n  p r a c t i c e  ft i s  not necessary  and a s t r a i g h t  

weighting accord ing  t o  t h e  p r o b a b i l i t y  of t h e  c r o s s  s e c t i o n  appearing w i t h i n  t h e  

band i s  s u f f i c i e n t  ( i . e . ,  use Equation (17)) .  

Turning t o  t h e  problem of d e f i n i n g  t h e  t r a n s f e r  mat r ix  f o r  t h e  group-band, 

cons ider  t h e  d i f f e r e n t i a l  d e f i n i t i o n  of t h e  t r a n s f e r  matrix:  

- - - 
P ~ ~ ( E ) P ~ ( E ~ ) F ( Y , ~ ~  , E '  - n,E)N(r,n ' ,E1) 

o r  s imply re-grouping terms t o  a t r a n s f e r  p r o b a b i l i t y  and the d e f i n i t i o n  of t h e  

band f l u x :  
- 

P K t ( ~ ) f ( F , b t l , ~ '  - R , E ) [ P ~ ( E ' ) N ( ~ , ~ ' , E ' ) ]  

From t h i s  grouping one can see  t h a t  t h e  t r a n s f e r  of t h e  group-band f l u x  is  

modified by a term.p KL(E) which i s  simply t h e  p r o b a b i l i t y  of t h e  c r o s s  s e c t i o n  

l y i n g  w i t h i n  t h e  band G, 5 q ( E )  5 , In t he  unresolved reg ion  one has  
KL 1 

s u f f i c i e n t  mixing of the  c r o s s  s e c t i o n  v a l u e s  over the  e n t i r e  group s o  that t h e  

p r o b a b i l i t y  of t h e  f i n a l  energy having a c r o s s  s e c t i o n  i n  t h e  range t o 
'm+l 

i s  merely t h e  cumulat ive p r o b a b i l i t y  of the  c r o s s  s e c t i o n  l y i n g  i n  t h i s  band 

averaged over t h e  group: i . e . ,  



which s imply s t a t e s  t h a t  t h e  p r o b a b i L i t y  o f  t r a n s f e r  t o  t h e  L-th band of  t h e  K-th 

group i s  s imply t h e  p r o b a b i l i t y  of t r a n s f e r  t o  t h e  K-th group t imes  t h e  

cumula t ive  p r o b a b i l i t y  of c r o s s  s e c t i o n  l y i n g  i n  t h e  L- th  band (7 t o  '7 ) 
-L <L+I 

averaged over  t h e  group.  

The remain ing  i n t e g r a t i o n  over  t h e  source  group-band i s  of t h e  form: 

I n  o r d e r  t o  d e f i n e  t h i s  group-band averaged t r a n s f e r  m a t r i x ,  one can proceed 

a s  i n  t h e  c a s e  of t h e  group-band averaged c r o s s  s e c t i o n  t o  a rgue  t h a t  e f f e c t $  

such a s  1/E p l a y  no  s i g n i f i c a n t  r o l e  i f  t h e  c r o s s  s e c t i o n s  a r e  s i g n i f i c a n t l y  mixed 

and t h a t  t h e  I / q ( E )  i s  n o t  t h a t  impor tan t  s i n c e  t h e  i n t e g r a t i o n  i s  o n l y  be ing  

performed over  a band of c r o s s  s e c t i o n  v a l u e s .  

The t r a n s f e r  f u n c t i o n  f  (;,no ,El - 6 , ~ )  can  be r e p r e s e n t e d  a s  a  c r o s s  s e c t i o n  

%(El)  t i m e s  a normalized t r a n s f e r  f u n c t i o n  g(r,hll , E '  -. b l , ~ ) ,  normalized t o  t h e  

average  number of s e c o n d a r i e s  p e r  e v e n t  when i n t e g r a t e d  over  a l l  (E,E). When t h e  

- - 
t e rm pw(E')N(r,Sl ' ,E1) i s  cons idered  t o  be a  s t a t i s t i c a l l y  c o n t i n u o u s l y  d i s t r i b u t e d  

q u a n t i t y  over  t h e  group t h e  i n t e g r a l  becomes i d e n t i c a l  t o  t h a t  encounte red  i n  

- - 
mul t i -g roup  c a l c u l a t i o n s  w i t h  g ( r , n l , E '  -;,E) r e p l a c e d  by g ( y , h l o , ~ '  + 5 , ~ ) .  

?K KL 
The r e s u l t  of t h e s e  c o n s i d e r a t i o n s  i s  t h a t  the group-band t r a n s f e r  m a t r i x  can 

be s imply r e l a t e d  t o  t h e  group t r a n s f e r  m a t r i x  p r o p e r l y  normalized t o  t h e  band 

r e a c t i o n  r a t e :  

- - 
'KL f(Y,E1 ,N -. n , ~ )  f (r,;' , M J  -. R,KL) = pKL ;yc (23)  

T~ 

However, b e f o r e  p roceed ing  t o  a  summary of  t h e s e  s imple  r e l a t i o n s h i p s  

between t h e  group averaged v a l u e s  and t h e  group-band averaged v a l u e s  i t  



should be pointed out  t h a t  Equation (23) does no t  account f o r  an e f f e c t  t h a t  may 

be of importance i n  c a l c u l a t i o n s .  The t r a n s f e r  matrix a s  defined inc ludes  n o t  

on ly  e f f e c t s  involving t h e  p r o b a b i l i r y  of t r a n s f e r  f o r  one energy group and c r o s s  

s e c t i o n  band t o  a n o t h e r ,  but  a l s o  t h e  p r o b a b i l i t y  of surv iv ing  (or  mul t ip ly ing)  

due t o  a c o l l i s i o n  i n  t h e  source group-band. The group t r a n s f e r  mat r ix  n a t u r a l l y  

a l s o  inc ludes  t h i a  e f f e c t ,  however, i n t e g r a t e d  over a l l  c r o s s  s e c t i o n  bands 

Therefore ,  i f  t h e  p r o b a b i l i t y  of s u r v i v a l  i s  a s t r o n g l y  vary ing  f u n c t i o n  of c r o s s  

s e c t i o n  (e.g., t h e  r a t i o  of ~ ( E ) / Y  (E) i n  s t r o ~ l g l y  absorbing resonances) ,  t h e  
9 

d e f i n i t i o n  of the  group-band t r a n s f e r  matrix must be modified t o  account  f o r  

t h i s  e f f e c t  by cons ider ing  a  p r o b a b i l i t y  t a b l e  not  only f o r  t h e  t o t a l  c r o s s  

s e c t i o n  but  a l s o  t h e  "secondary" c r o s s  s e c t i o n .  

I n  summary t h e  fo l lowing  r e l a t i o n s h i p s  can be e s t a b l i s h e d  between a v a i l a b l e  

group averaged and p r o b a b i l i t y  table d a t a  and t h e  requi red  group-band averaged 

d a t a :  

(gr oup-band averaged 
c r o s s  s e c t i o n )  

(group-band averaged 
t r a n s f e r  matrix) 

The fo l lowing  r e l a t i o n s h i p s  between group-band and group averaged f l u x e s  

and r e a c t i o n  r a t e s  can a l s o  be established: 



These two equa t lons  can be used t o  d e f i n e  an equiva len t  group averaged 

c r o s s  s e c t i o n  based upon a  r e a c t i o n  r a t e  balance:  

Since t h e  popula t ion  of the  i n d i v i d u a l  bands can v a r y  a s  a f u n c t i o n  of 

p o s i t i o n  t h e  r e s u l t i n g  group averaged c r o s s  s e c t i o n s  can a l s o  vary  a s  a  f u n c t i o n  

of p o s i t i o n .  

Consider a simple a p p l i c a t i o n  o f  t h e  proposed group-band method. To i l l u s t r a t e  

t h e  method, t h e  unresolved r e g i o n  w i l l  be cons idered  t o  be a  s i n g l e  group with a  

number of bands. A f l a t  f l u x  d i s t r i b u t i o n  w i l l  be considered t o  be i n c i d e n t  upon 

a  s l a b  which has  t h e  fo l lowing  t o t a l  c r o s s  s e c t i o n  p r o b a b i l i t y  t a b l e :  



The e f f e c t s  of s e l f  s h i e l d  a s  a  f u n c t i o n  of p r o b a b i l i t y  of s u r v i v a l  

( i . e . ,  7 / ) w i l l  be s t u d i e d .  
3 C, 

In  the  case  of a  t o t a l l y  absorbing medium one o b t a i n s  simple exponent ia l  

a t t e n u a t i o n  wi th in  t h e  v a r i o u s  c r o s s  s e c t i o n  bands. The e f f e c t  i s  a c l u s t e r i n g  

of t h e  f l u x  i n  t h e  low c r o s s  s e c t i o n  reg ions .  The r e s u l t  i s  a  continuous 

d e c r e a s e  i n  t h e  group averaged c r o s s  s e c t i o n  from I0 barns  a t  t h e  boundary toward 

a  l i m i t  of 5 barns a t  i n f i n i t y .  

Using mean f r e e  path (MFP) u n i t s  as d e f i n e d  hy t h e  c r o s s  section a t  t h e  

boundary ( l . e . ,  I MFP , 10 barns)  the fo l lowing  changes i n  the group averaged 

c r o s s  s e c t i o n  occur : 

Dis tance  

0.0  10.0 

0.5 9 . 7 5  

1.0 9 .5  

5 . 0  7.85 

10.0 6.75 

The d i f f e r e n c e  i n  t h e  s c a l a r  f l u x  10.0 u n i t s  i n t o  t h e  s l a b  between u s i n g  

- 
r = 10 and t h e  t r u e  s e l f - s h i e l d i n g  c r o s s  s e c t i o n  i s  almost  a f a c t o r  of 10 
-T 

( see :  F igure  1 ) .  

For t h e  case  of a  pure s c a t t e r i n g  medium one n a t u r a l l y  o b t a i n s  a  somewhat 

d i f f e r e n t  r e s u l t .  I n  t h i s  case  a  r e a c t i o n  ba lance  is  reached between t h e  bands 

where t h e  low c r o s s  s e c t i o n  bands feed t h e  high c r o s s  s e c t i o n  band v i a  s p a t i a l  

t r a n s p o r t  e f f e c t s .  The e f f e c t  i s  t o  have a  group averaged c r o s s  s e c t i o n  t h a t  
- 

v a r i e s  from r = 10.0 a t  t h e  boundary with a  f l a t  flux over the  group t o  
3 - 

r = 9.47 a t  i n f i n i t y  with a l / ~  (E) f l u x  over the  group ( i . e . ,  q ( E ) N ( E )  T -T 

balance between t h e  c r o s s  s e c t i o n  bands).  

I n  conc lus ion ,  c a l c u l a t i o n s  i n d i c a t e  t h a t  t h e  method i s  a  p r a c t i c a l  means 

of ob ta in ing  numerical s o l u t i o n s  t o  t r a n s p o r t  problems involv ing  the unresolved 



resonance region. Furthermore, it has been demonstrated that startlng from 

existing t ransport  c o d e s  and an unsh ie lded  cross section library, one still 

obtains c o r r e c t  s e l f - sh i e ld ing  e f f e c t s  such a s  s p a t i a l l y  dependent group 

averaged cross sect ions. 

MEAN FREE PATH 

Figure 1. Flux in Totally Absorbing Medium. 
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USE OF PRE-PROCESSED DATA IN THE RESONANCE RANGE 

0. Ozer 

May 1972 

I Introduction 

The increasing quality of the ENDF files has often resulted in 

the data being given in greater detail and use being made of more 

complex representations. This in turn has caused the files to become 

more expensive and difficult to process and use. 

Even a simple problem such as the determination of a cross section 

at some specified energy may necessitate a rather lengthy calculation I 
since for a large fraction of ENDF materials the cross sections are 

given in two separate parts: resonance and background. The resonance 

part must be reconstructed from resonance parameters according to 

a specified formalism. The corresponding background section must 

be interpolated and added to the former to give t h e  final vaLue of 

the cross section. 

The ENDF processing codes are correspondingly becoming quite 

elaborate since they must have the capability of processing all combinations 

of permissible formalisms. In general changes in the ENDF formats 

or procedures or the addition of new formalisms have resulted in need 

for extensive reprogramming, updating or patching up of existing codes. 

A great amount of computing time and effort can be saved by pre- 

processing and storing the ENDF data at an "intermediate" or simplified 

level. 

Obviously a compromise must be made between the amount of "pre- 

processing" necessary to bring the data to this "intermediate" level, 

- 104- 



and the  general usefulness of the pre-processed data.  Application and 

composition dependent group constant l i b r a r i e s  w i l l  save a very large 

amount of time for  a small number of users  but  w i l l  be useless t o  others.  

Whereas ENDF/B  l i k e  f i l e s  f o r  which the only pre-processing consisted of 

replacing the  resonance and background da ta  by a s e t  of reconstructed point 

cross sect ions  w i l l  be useful i n  a wider range of applications but may s t i l l  

require a f a i r  amount of processing. 

This paper w i l l  discuss two levels  of "pre-processed" f i l e s :  The f i r s t  

l eve l  consis ts  of an ENDF/B l i k e  f i l e  of point cross sections.  The second 

level  w i l l  be a multipurpose, multigroup l ib ra ry  of group constants and t ransfer  

matrices t o  be used i n  reactor  calculations.  Since a Level I l i b r a r y  has 

already been generated a t  NNCSC, the  l i b r a r y ,  codes used i n  its preparation 

and i ts  applications w i l l  be discussed i n  some d e t a i l .  

Plans f o r  formats and contents of a Level 2 l i b r a r y  w i l l  be presented 

only b r ie f ly .  

I1 Generation of Level I Pre-Processed Data 

The Level I pre-processed f i l e s  are generated using the code RESEND. 

The purpose of t h i s  code is t o  process a l l  of the  permissible ENDF/B resonance 

range formalisms and t o  generate i n f i n i t e l y  d i l u t e ,  unbroadened point  cross 

sections i n  an ENDF/B l i k e  format. 

The program is wr i t t en  i n  a modular fashion with two major sect ions  

operating as  overlays on the  PDP-10 system. The f i r s t  sect ion does the  

resonance calcula t ion and s to res  i t s  r e s u l t s  on a scra tch f i l e .  The second 

sect ion combines the  resonance points  with the background and p r i n t s  out the 

resu l t s .  The program i s  wri t ten e n t i r e l y  i n  Fortran-4 with l i b e r a l  use of 



descriptive comment cards. It makes use of no machine dependent techniques. 

A. Resonance Section 

The resonance section operates by first reading all the resonance 

information of an ENDF material and storing it in a compact form in a 

dense array. However the data for the various sections (isotope/energy 

range) are kept separate. The calculation of the cross section at an 

energy point is done by calling a single subroutine SIGMA. This subroutine 

determines which sections contribute to the energy of interest and 

the formalisms to be used, then calculates the contribution of each 

section by calling a secondary subroutine depending on the formalism to 

be used. A separate subroutine is used for each of the formalisms to facilitate 

the addition of new formalisms or the replacement of the treatment of existing 

ones. 

An advantage of calculating the contributions of each section separ- 

ately is that correct results will be obtained even if some present ENDF/B 

procedures are violated on the input files. (eg. overlapping resolved- 

unresolved ranges, different ranges and/or formalisms for the different 

isotopes of the same material. 

1. Formalism 

The formulae specified in appendix D of the ENDF formats and proced- 

ures manual1 are strictly followed for single or multilevel Breit-Wigner, 

Reich-Moore or Adler-Adler formalisms in the resolved resonance range. 

(~lthough Adler-Adler and Reich-Moore subroutines have not been implemented 

in the present version of the code). 



Since only i n f i n i t e l y  d i l u t e  and unbroadened point  cross sections 

a re  calculated there  a re  no ambiguities i n  '&e calcula t ions  and the  formulae 

of Ref-I w i l l  not  be repeated here. 

The only ambiguity may appear i n  the  treatment of the  cross sect ions  

i n  the  unresolved ranges. Here the RESEND code calcula tes  only averaged 

croas sect ions  in  a manner s imi la r  t o  the one used by M.R. Bhat i n  the  

codes AVEE(AGE 3 AND AVERAGE 42. This procedure is  outLined on Table I. 

I t  bas ica l ly  consis ts  of replacing the average of the r a t i o  of resonance 

widths by a ra t iosof  the  average values times a f luctuat ion in tegra l  S. 

Since the resonance parameters a re  subject  t o  s t a t i s t i c a l  f luctuat ions  

according t o  a Chi-squared d i s t r ibu t ion  the  f luctuat ion in tegra l  S w i l l  

i n  general consis t  of double in tegra l s  of products of Chi-squared d i s t r i -  

butions. In  the present version of the  code t h i s  in tegra l  is evaluated 

by using the  standard 10 point numerical quadrature method of Greebler- 

Hutchins. However i n  the  future  a method developed by M. ~ e e r ~  i n  which 

the double in tegra l  i s  reduced t o  a s ing le  in tegra l  idea l ly  sui ted fo r  

gaussian quadratures w i l l  be implemented. 

2 .  The Energy Grid 

Great care must be applied i n  the  se lect ion of an adequate energy 

gr id .  The gr id  must be f ine  enough not t o  miss any important featured of the  

cross  sect ion;  y e t  it must be f l ex ib le  enough i n  order not  t o  generate an 

unnecessarily large number of points  i n  areas where the var ia t ion  of the  

cross section i s  slow. 

The RESEND code uses a gr id  generated by a convergence algorithm develop 

ed by D.E. cullen4 and shown shematically on f igure  1. The algorithm 



- 

consis ts  of f i r s t  assigning node points t o  each resonance energy ( i n  

order not  t o  miss any resonance peaks). Next the cross sect ions  of the 

node points a re  computed (exact ly) .  The g r id  between two adjacent node 

points  (points  A and B i n  f igure  1) is determined by calcula t ing the  cross 

section o l  a t  the mid-point XI and comparing it with a cross sect ion & 
t h a t  would be obtained a t  t h i s  energy by l inea r  in terpolut ion between the  

l a s t  two converged points ( i n  this case A and B) . I f  I 

01 

where E i s  an input convergence c r i t e r i o n  then the  i n t e r v a l  A-B is  assumed 

not  t o  have converged. X* becomes the  new pivot  point  and the convergence I 
of the  in te rva l  A-X1 is  tes ted i n  a s imi la r  manner. The procedure is repeated I 
u n t i l  convergence. Note t h a t  the cross sect ions  calculated a t  the  intermediate I 
points a r e  not  l o s t  bu t  a r e  s tored and used t o  t e s t  the  convergence of I 
l a t e r  in te rva l s .  Thus f o r  example i f  the  in te rva l  A-X3 was converged the I 
next i n t e r v a l  tes ted w i l l  be X3-X2 e tc .  I 

An additional convergence c r i t e r i o n  is  introduced i n  order not t o  I 
generate an unnecessarily large number of points i n  areas where 01' 0.0. I 
Thus the  g r id  w i l l  be assumed t o  have converged within an i n t e r v a l  i f  the I 
cross sect ion a t  both ends of the  in te rva l  is l e s s  than an input  number 

1 I 
E .  

This method has been f a i r l y  successful i n  representing even highly 

s t ructured cross sect ions .  Figure 2 shows a s m a l l  sect ion of  the cross I 
sect ion curve obtained f o r  U-235. Figure 3 shows the d i s t r ibu t ion  of the  I 
gr id  points between two resonances. I 

The t o t a l  number of points generated depends very strongly on the  



complexity of the material (number of resonances) and on the accuracy desired 

Table 2 shows the number of points generated for a selected number of ENDF 

materials with two different convergence criteria. 

3. Acceleration 

The running time of the code can be reduced by treating far away 

and weak resonances in an approximate manner;. If this option is selected 

the cross section at the two nodes will be assumed to consist of two parts 

s 
ri -0 '+aA . The contribution of all resonances within n I. of node A, where 

A A 

N is again an input no., is included in the "rapidly varying" section u 
B 

A ' 

The contribution of all other far away or weak resonances is included in 

the "slowly varying" section Note that both of these parts are calculat 
A '  

exactly at the nodes. However in the calculation of the intermediate grid 

points only the resonances which contributed to 0 wwill be treated exactly. 
A 

The contribution of all other resonances will be obtained approximately 

S 
by interpolating between o and oB . (This technique has not been incorpor- 

A 

ated into the present version of the program). 

B . Background Correction 
The second section of the program RESEND combines the resonance data 

written out onto a scratch file by the first section with background cross 

sections read from the ENDF file. The unusual feature of this section 

is that the resonance data file as well as the background data file are 

read, combined and printed out in small fixed size blocks or pages. Thus 

the dimensions of the program are completely uncoupled from the size of 

the data arrays that are being generated. In fact only 24K10 of core is 



required when running on the PDP-10 system. 

1x1 Description of the Level I Pre-processed data files. 

The Level I pre-processed data files consist of infinitely dilute, 

un-Doppler broadened point cross sections in ENDF/B format with one possible 

exception: The present ENDF (version 2 and 3 )  formats restrict the maximum 

number of points that can be given for a reaction type to 5000. The dimensions 

of the data arrays in the pre-processed files are unlimited. 

In order to conform to ENDF formats the pre-processed materials are 

supplied with a dummy file 1 Hollerith information section (MT=451) which 

only contains the accuracy criterion used in the reconstruction of the 

data file. A dummy file 2 is also supplied. The reconstructed cross sections 

appear in file 3 as reaction types I, 2, 18 and 102. These cross sections 

are supplied over a master energy grid consisting of the union of the resonance 

and background grid. A linear-linear interpolation law is used in the 

resonance range. Outside this range the original interpolation law is 

left unchanged. In addition any other reaction types present in file 3 

of the original ENDF material are also transfered to the pre-processed 

files without any changes. However in order to preserve space files higher 

than 3 are not included in the present version of the files. 

Level I files for all ENDF/B Version 3 materials with resonance para- 

meters have been generated using convergence criteria of 0.05% or 0.1%. 

IV Uses of the level I preprocessed data 

The steps followed in the generation and some of the applications of 

the pre-processed files axe shown on the flow diagram on Figure 4. 



A. Doppler Broadening: Program DOPEND 

The pre-processed f i l e s  generated by RESEND are  not Doppler broad- 

ened. A numerical Doppler broadening program Dopend is  being designed 

i n  order t o  broaden the  data  t o  any desired temperature. 

The formalism followed by DOPEND i s  shown on Table 3 .  The Doppler 

broadened cross sect ion a* a t  energy E consis ts  of two p a r t s  11 and 12. 

However the f p  part  is only non negl igible  a t  very low energies or high 

temperatures and w i l l  only be calculated when 

E < - 
A 

The in tegra l s  a r e  evaluated numerically by Rhomberg integrat ion.  End problei 

near the very top and bottom of the da ta  t ab les  where the in tegra t ion  range 

exceeds the range over which the  data  is  defined a r e  avoided by adding 

two extrapolated points  a t  El-9A and En+9A where El and'En a re  f i r s t  and 

l a s t  energies of an array. 

Since very large  data arrays a re  expected t o  be processed the  code 

w i l l  be designed in  a.manner t h a t  w i l l  allow the processing of these arrays 

a small section a t  a time. 

Some important advantages are obtained by Doppler broadening the  data 

a f t e r  it has been processed through RESEND: 

a. The broadening process becomes very simple s ince it i s  complete 

uncoupled from the formalism used i n  the  generation of the point  data  s e t .  

b. The broadening is  not r e s t r i c t e d  t o  the resonance range but  

can be applied to the e n t i r e  range over which the da ta  is  defined. 

c. Problems caused by not  broadening the  "smooth background" 

a re  avoided. I n  pr inciple  t h i s  problem should be negl igible  however i n  



pract ice  because of pressures t o  use s ingle  l eve l  formalisms it is possible 

t o  have a considerable amount o f  s t ruc tu re  i n  the background cross sect ion.  

d. Because of the inclusion of the low energy correction term 

I2 the code w i l l  be well sui ted f o r  high temperature (o r  law energy) appli-  

cations.  

B. P lo t t ing  and Display Capability 

The pre-processed point cross sect ion f i l e s  a re  well  su i t ed  fo r  dLs- 

playing. p lo t t ing  and publication. The only requirement on a p lo t t ing  

code is t h a t  it be capable of p lo t t ing  t h e  data  a small sect ion a t  a time. 
5 

The in te rac t ive  graphics code SCOPE has been used t o  obtain p l o t s  of a l l  

the ENDF/B Version I11 mater ia ls  and w i l l  be used for  the  publication of 

se lected ENDF/B data. 

The standard ENDF plo t t ing  and l i s t i n g  program PLOTFB however must 

be upgraded t o  process the larger  data arrays.  

C. Calculation of In tegra l  Properties 

Because of the pre-processing done i n  generating the  Level I f i l e s  

the calcula t ion of various in tegra l  proper t ies  of the cross sect ions  becomes 

a pa r t i cu la r ly  simple task. Thus a simple specia l  purpose program INTER 

has been wri t ten t o  calcula te  the  resonance in tegra l s .  Maxwellian averaged 

thermal cross sections and Westcott-"g" fac to r s  by numerically in tegrat ing 

the  point da ta  f i l e s  with 1 / E  and Maxwellian weight functions. A l l  of 

the ENDF/B Version III materials have been processed through INTER. Tables 

of the calculated values have been generated and a re  avai lable  fo r  reference 

purposes. 



A general purpose integration program INTEND is being planned as a 

logical extension of INTER. This program will be able to produce up to 

1000 group constants with combinations of fission, 1/E ,  Maxwellian, l/Ct 

or input weight functions. 

v Level 2 Pre-Processed Libraries 

Recently R. Neuhold of the AEC conducted a study to determine the 

need and feasibility of an ENDF/B based data file that would be pre-processed 

to a considerably higher degree. This Level 2 file would consist of a 

single set of group constant libraries that would satisfy the initial survey- 

design needs of the fast reactor, thermal reactor, shielding and possibly 

other design communities. 

The purpose of the study was to examine the needs of the three major 

communities as well as the features of present day codes in order to deter- 

mine specifications and desirable features for a new processing code to 

be used in the generation of the library. 

It was determined that a single pseudo composition independent "Bodnaren 

type library of cross sections and shielding factors (such as the ones 

generated by the codes ETOX or ENDRUN) would be quite desirable providing 

it had a number of additional features such as anisotropic transfer matrices, 

larger number of groups, a thermal sink group, etc. 

Consequently specifications for two new codes were drafted. The first 

code will be used to generate group constants and shielding factors, the 

second to interpolate the shielding factor for a particular composition 

and energy and space collapse the group constants for use in reactor or 

shielding calculations. 



The spec i f i ca t ions  f o r  the  f i r s t  code include the  following se lected 

points  : 

A. Group Structure  

The code is  expected t o  process of the  order o f  100 groups which w i l l  

include cornonly used boundaries such as 10 and 15 Mev. and a thermal group 

with a f l e x i b l e  upper energy cu t  t o  accommodate cuts  used a t  various i n s t a l l -  

at ions.  The bas i s  f o r  the mesh s t ruc tu re  w i l l  consider i n  addi t ion t o  

important fea tures  of the  neutron cross sect ions  of important mater ia ls ,  

a lso  p e c u l i a r i t i e s  i n  neutron-garmna production. 

B. Weighting Spectra 

A l a rge  va r i e ty  of within-group weighting spec t ra  including possibly 

ana ly t i ca l  slowing down spectra  w i l l  be considered. 

C. Matrices 

Matrices up t o  order P8 should be calculated with algorithms based 

on ana ly t i c  in tegrat ion i n  the  Laboratory system. £-factors should a l s o  

be supplied. 

Anisotropic angular dependence should be considered i n  the generation 

of the  i n e l a s t i c  transfer matrices.  

D. I n  the  Resonance Range: 

a. Interference s c a t t e r i n g  should be included. 

b. Same sequence overlap e f f e c t s  [Hwang, NSE 21,  523 !1965)1 should 

be implemented although not  necessar i ly  i n  the f i r s t  version Of the code. 



c. All ENDF formalisms should be processable (Breit-Wigner, Reich- 

Moore and Adler-Adler) 

d. The Intermediate Resonance Method should be considered in both 

resolved and unresolved ranges. 

e. use of probability table and integral slowing down theory methoc 

should be studied for future versions. 

f. Provisions should be made for storing multilevel point data in 

Doppler broadened form so that it will be available for interpolatives re- 

use. 

E. The output will conform to the CCCC (Computer Code Coordinating 

Committee) interface specification. 

To accomodate thermal reactor needs the output will include a thermal 

edit with breakdown of contributions in the resonance range. 

Moreover as a programing requirement it is strongly recommended that 

the program be written in such a manner that large ENDF/B arrays are not 

read in all at one time but in small blocks. 

When this code is implemented, even though it will be possible to 

generate the Level 2 pre-processed files directly from ENDF/B, a great 

amount of time can be saved if except for a few materials with unresolved 

resonance regions-- the Level 1 files are used as the starting base. In 

the unresolved ranges however the present treatment in me code RESEND 

will have to be brought to a consistent level with the processing code. 
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TABLE 1: Outline of Unresolved Range Formalism Followed i n  RESEND 

NLS NJSQ NLS NJS 
o (E) =hC 2 

n,n 
k2 L=O J 

!L- 1. 
2 

2 
x distribution with ''nu degrees of freedom -. P (x)dx = - 

n 

Replace 

- - 
and 

Y ~ ,  J 

where the f luc tuat ion  integrals  S n ( f ( x ) )  are of the form 
R,J 

Integrations canputed by a 10 po in t  numerical quadrature 



TABLE 2: Number of Points Generated in the Resonance Range for Selected 

ENDFIB Materials With Two Convergence Criteria. 

Symbol - 
U-234 

U-235 

U-238 

Pu-238 

Pu-239 

Pu-240 

Pu-241 

Fe 

N i 

ENDF MAT 
Number 

No. of Resolved 
Resonances 

Unresolved 
Section 

Yes 
I f  

I I  

I1 

I1 

I f  

tI 

No 

NO 

Number of Points 
~ ~ 1 . 0 %  e=0.05% 

2083 8124 

3146 14304 

16575 39632 

1268 5543 

5367 21683 

12491 33467 

997 4602 

988 2045 

2874 11012 

* 
Contains MLBW Parameters. 



TABLE 3 :  Doppler Broadening Formalism Used by DOPEND 

* 
Doppler broadened c r o s s  s e c t i o n  o ( e )  = IL + I2 

where I 
1 =  

-9 g 

and I = / A .(EI) [- @ ( f l + & 1 2 ] d E '  
&'A 0 A- 

i n  above e x p r e s s i o n s  A = 
A a and B = - 
kT 

JF 

80 
Note t h a t  I2 , 0.0 for a l l  c > - 

9 

Figure l. Generation of Energy Grid 
in Program RESEND. 
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GENERATION AND APPLICATION OF PRE-PROCESSED FILES 
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Figure 4.  Generation and Application 
of Pre-Processed Data F i l e s .  
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S U M M A R Y  

M. K .  Drake 

The speakers  d i d  a  tremendous job today.  I d o n ' t  f e e l  under a  

s e v e r e  o b l i g a t i o n  t o  g i v e  a d e t a i l e d  summary s i n c e  most of t h e  s p e a k e r s  

have been k ind  enough t o  p repare  w r i t t e n  summaries of t h e i r  p r e s e n t a t i o n s .  

A t  t h e  beginning of t h e  meet ing,  Mulki Bhat asked two q u e s t i o n s :  

"Are m u l t i - l e v e l  resonance parameters  r e q u i r e d  f o r  a c c u r a t e  a p p l i c a t i o n  

o r i e n t e d  c a l c u l a t i o n s ,  such a s  r e a c t o r  physics?" and "Is t h e  p r o b a b i l i t y  

t a b l e  method comple te ly  understood and v a l i d  f o r  use  i n  r e a c t o r  p h y s i c s  

c a l c u l a t i o n s ? "  

F i r s t ,  l e t  me say  t h a t  a t  t h e  t ime we pu t  t h i s  meet ing t o g e t h e r  

t h e  p r o b a b i l i t y  t a b l e  method was under much more cont roversy  t h a n  it 

i s  today .  Most of t h e  c o n t r o v e r s y  was due t o  t h e  f a c t  t h a t  i t  was no t  

understood by many people .  I d i d n ' t  see t h e  con t roversy  a t  t h i s  meet ing 

t h a t  we expected s e v e r a l  months ago. The p a r t i c i p a n t s  a t  t h i s  meeting 

agreed t h a t  t h e  method was v a l i d  and appears  t o  be v e r y  u s e f u l  f o r  

p repar ing  mult i -group c o n s t a n t s  f o r  Monte C a r l o  c a l c u l a t i o n s .  I n  f a c t ,  

D r .  CulLen presen ted  a  scheme f o r  u s i n g  t h e  method f o r  p r e p a r i n g  mul t i -  

group c o n s t a n t s  f o r  use  In t r a n s p o r t  c a l c u l a t i o n s .  

The q u e s t i o n  about  t h e  need t o  use m u l t i - l e v e l  parameters  genera ted  

much more cont roversy .  The q u e s t i o n  was r e a l l y  never  r e s o l v e d .  The 

t h e o r e t i c i a n s  and t h e  e x p e r i m e n t a l i s t s  s t r e s s e d  t h e  need f o r  m u l t i -  

l e v e l  formalisms t o  a c c u r a t e l y  r e p r e s e n t  t h e  phys ics  and exper imenta l ly  

observed c r o s s  s e c t i o n s ,  p a r t i c u l a r l y  t h e  f i s s i o n  c r o s s  s e c t i o n s .  The r e a c t o r  

p h y s i c i s t s  tended t o  a g r e e  t h a t  t h e  s t a t e m e n t s  made by t h e  e x p e r i m e n t a l i s t s  were 

t r u e  b u t  t h e y  d i d n ' t  a g r e e  t h a t  anyone had demonstrated t h a t  m u l t i - l e v e l  



r e p r e s e n t a t i o n s  had any s i g n i f i c a n t  e f f e c t  on r e a c t o r  phys ics  c a l c u l a t i o n s .  

I t h i n k  i t  i s  impor tan t  t h a t  we have ga thered  here and exchanged i d e a s  

on t h i s  s u b j e c t .  It i s  u n f o r t u n a t e  t h a t  no one has  bo thered  t o  a t t a c k  

t h e  problem i n  such a manner t h a t  would demonstrate  whether o r  not  one 

must use m u l t i - l e v e l  parameters  i n  r e a c t o r  phys ics  c a l c u l a t i o n s .  

I w i l l  d ig re s s  from my summary t o  make a f e w  p o i n t s .  1 t h i n k  t h a t  

t h e  sought a f t e r  demonstrated need l i e s  i n  q u a l i f i e d  numerical  o r  e x p e r i w n t  

s t u d i e s .  Oh yes,  s e v e r a l  groups have done numerical  experiments  and t h e r e  

have even been a f e w  experimental.  measurements. A s  one can observe from 

t h e  comments made h e r e ,  n e i t h e r  approach has  t h u s  far been v e r y  s u c c e s s f u l .  

Some v e r y  good people have done numerical  experiments  bu t  1 d o n ' t  

t h i n k  t h a t  t h e  answers proved anyth ing .  Must of t h e s e  experiments  have 

used t h e  fo l lowing  l i n e .  First a se t  of unresolved resonance parameters  

were s e l e c t e d .  These parameters  were s e l e c t e d  by s t u d y i n g  the  s t a t i s t i c a l  

p r o p e r t i e s  of t h e  r e s o l v e d  resonances .  The average resonance parameters  

were then  used i n  a p p l i c a t i o n  o r i e n t e d  c a l c u l a t i o n s .  F i r s t  t h e  parameters  

were c a l l e d  s i n g l e  l e v e l  parameters  and a  c a l c u l a t i o n  was done.  Then t h e  

e x a c t  same parameters  were c a l l e d  m u l t i - l e v e l  parameters  and t h e  c a l c u l a t i o n  

was r e p e a t e d .  The two c a l c u l a t e d  r e s u l t s  were compared and t h e  d i f f e r e n c e  

was c a l l e d  t h e  m u l t i - l e v e l  e f f e c t .  I d o n ' t  t h i n k  t h a t  such c a l c u l a t i o n s  

prove anyth ing ,  

'I. th ink  t h a t  it would be more meaningful t o  perform another  t y p e  of 

numerical  experiment .  Such a n  experiment .could be done by t h e  fo l lowing  

steps : 

1. S e l e c t  a  nuc leus  such a s  2 3 9 ~ u .  

2 .  Eva lua te  t h e  t o t a l ,  f i s s i o n ,  and r a d i a t i v e  c a p t u r e  (or alpha) 

c r o s s  s e c t i o n s  u s i n g  t h e  b e s t  exper imenta l ly  c o n s i s t e n t  d a t a  



a v a i l a b l e .  The energy range should cover  t h e  unresolved range ,  

from about 300 eV t o  40 keV. 

3 .  Divide t h e  energy range  i n t o  bands. Each band should be wide 

enough t o  r e p r e s e n t  a  s t a t i s t i c a l l y  s i g n i f i c a n t  average  (2 100 

r e s o n a n c e s ) .  The bands should n o t  be s o  wide t h a t  t h e y  would 

r e p r e s e n t  a n  average over  t h e  g r o s s  s t r u c t u r e  ( i n t e r m e d i a t e  

s t r u c t u r e  e f f e c t s ) .  

4 .  S e l e c t  r e s o l v e d  s i n g l e  l e v e l  resonance parameters  f o r  each  

energy band. The resonance e n e r g i e s  and widths should be 

s e l e c t e d  i n  such a  manner t h a t  they  c o l l e c t i v e l y  obey t h e  u s u a l  

d i s t r i b u t i o n  laws. C a l c u l a t e  po in twise  c r o s s  s e c t i o n s  from the  

parameters  and t h e n  average c r o s s  s e c t i o n s  f o r  each band. I f  

t h e  average c r o s s  s e c t i o n s  do  not  agree  w i t h  t h e  averages 

c a l c u l a t e d  from t h e  exper imenta l  d a t a  from s t e p  number 2 ,  t h e n  

a new ladder  must be genera ted .  I f  t h e  bands c o n t a i n  enough 

resonances ,  each band can be r e p r e s e n t e d  by t h e  average parameters  

ob ta ined  from t h e  ladder  f o r  t h e  band. 

5 .  S t e p  number 4 i s  r e p e a t e d .  I n  t h i s  c a s e  m u l t i l e v e l  parameters  

w i l l  be s e l e c t e d .  The same c o n s t r a i n t  must be used. 

The f i n a l  parameters  must p r e d i c t  t h e  same average c r o s s  

s e c t i o n s  for t h e  band. The average m u l t i - l e v a 1  

parameters  w i l l  l i k e l y  be d i f f e r e n t  than  t h e  average  s i n g l e  

Level parameters  bu t  they  w i l l  both p r e d i c t  t h e  same average 

i n f i n i t e l y  d i l u t e  Doppler broadened c r o s s  s e c t i o n s  ( t o  room 

temperature o r  t h e  exper imenta l  sample t e m p e r a t u r e ) .  

6 .  A t  t h i s  p o i n t  two a p p l i c a t i o n  o r i e n t e d  c a l c u l a t i o n s  can  be made. 

The c a l c u l a t i o n s  should i n c l u d e  s e v e r a l  d i f f e r e n t  t empera tures  



and vary ing  degrees  of resonance s e l f - s h i e l d i n g .  It i s  t r u e  

t h a t  t h e  above mentioned experiment  s t i l l  has problems. For 

example, t h e r e  i s  no unique s e t  of parameters  t h a t  w i l l  

p r e d i c t  t h e  average c r o s s  s e c t i o n s  f o r  a b m d .  A l s o ,  one does 

not  know which f i s s i o n  wid th  t o  v a r y  i n  o rder  t o  p r e d i c t  t h e  

g r o s s  s t r u c t u r e  i n  t h e  c r o s s  s e c t i o n .  

g u e s t i o n :  What exper  imental  measurements can be done? 

Answer: I would t h i n k  t h a t  t h e r e  a r e  some experiments  t h a t  can 

b e  done. They might be v e r y  d i f f i c u l t  and expensive.  One cou ld  measure 

t h e  f i s s i o n  and/or  t h e  c a p t u r e  c r o s s  s e c t i o n s  over  t h e  energy r e g i o n  from 

500 eV t o  about 10 keV. I n  t h i s  same measurement, v a r i o u s  sample t h i c k n e s s e  

and tempera tures  should be used.  It may be  d i f f i c u l t  t o  measure a c c u r a t e  

c r o s s  s e c t i o n s  w i t h  t h i c k  samples and a t  e l e v a t e d  tempera tures .  

Comment: I t h i n k  an experiment  of t h e  t y p e  you a r e  t a l k i n g  about  

was done by Bramblet t  . (1 ,2 )  

Comment: There were problems w i t h  t h a t  experiment  and t h e  r e s u l t s  

were n o t  v e r y  c o n c l u s i v e .  

Coment :  Marvin, i n  view of t h e  d i v i d e d  c o r n u n i f i e s  on m u l t i - l e v e l  

v s .  s i n g l e  l e v e l  d a t a ,  could I sugges t  t h a t  i n  t h e  f u t u r e  when an e v a l u a t i o n  

i s  done g i v i n g  m u l t i - l e v e l  parameters ,  cou ld  t h e  e v a l u a t o r  a l s o  provide 

an e q u i v a l e n t  s e t  of s i n g l e - l e v e l  parameters? 

A n s w e r :  T h i s  t o p i c  h a s  come up i n  the past, The CSEWG phi losophy - 
s t a t e s  t h a t  t h e  e v a l u a t o r  i s  f r e e  t o  use  t h e  f o r m a l i s m  t h a t  he  f e e l s  b e s t  

d e s c r i b e s  t h e  p a r t i c u l a r  d a t a  s e t .  I f  CSEWG recommends t h e  d a t a  s e t ,  i t  

becomes the o f f i c i a l l y  d i s t r i b u t e d  m a t e r i a l .  It i s  p o s s i b l e  t o  c r e a t e  a n  

e q u i v a l e n t  da t a  s e t  c o n t a i n i n g  s i n g l e - l e v e l  parameters  and a p p r o p r i a t e  

background c r o s s  s e c t i o n .  
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